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Abstract

Log-linear hedonic models are widely used to construct quality-corrected price in-
dices. It is well-known that least-squares estimation of these models yields biased
estimates of the model parameters and of the expected value of the dependent price
variable; see|Goldberger| (1968) and [Teekens and Koerts| (1972). The problem is cited
by [Diewert! (2002), Triplett (2002) and [Silver| (2002) as an issue in price-index con-
struction with reference to the amount of bias. However, many applied studies ig-
nore the bias, either because it is considered non-substantial or because one is not
aware of it.

This paper summarizes some of the consequences of the estimation bias associated
with the use of log-linear models for the hedonic and matched-model price indices.
After reviewing the background of the estimation bias, the impact of the estimation
bias on various types of hedonic price indices is explained. Also, attention is paid
to biases related with the hedonic imputation of missing prices. The consequences
of ignoring the estimation bias are illustrated with an example of car price develop-
ments.

The matter is of particular interest for modern research on measuring quality-adjust-
ed price developments, which often adopts log-linear hedonic specifications to ana-
lyze biases related with substitution, entry and exit of product varieties and aggre-
gation of price information, but which tends to ignore biases related with the very
instruments to examine these issues.

JEL classification: C23,C43, C51, C81, D12, E31, L15,L62, 047



1 Introduction

Least squares estimation of log-transformed multiplicative models leads to biased
estimates of both the model parameters and the expected value of the dependent.
This problem has been known at least since (Goldberger| (1968) and [Teekens and Ko-
erts (1972) I However, many applied studies ignore the bias, either because it is con-
sidered non-substantial or because one is not aware of it. The matter is of particu-
lar interest for current research on measuring quality-adjusted price developments,
frequently adopting semi-log or double-log model specifications, which pays much
attention to biases related with substitution, entry and exit of varieties, and aggre-
gation of price information, but which tends to surpass biases related with the very
instruments to examine these issues, namely model assumptions and related estima-
tion problems.

This paper summarizes some of the bias problems related with the hedonic approach
and the matched-model procedures. The biases are examined both at the level of
model assumptions and on the level of estimated index values. Also, attention is
paid to biases related with the imputation of missing prices. The biases tend to be
particularly present in annually-estimated hedonic models, while price change es-
timates in pooled models seem to be limitedly biased. However, the estimation of
these pooled models will be seen to be based on unsatisfactory assumptions, from
an econometric point of view. The consequences of ignoring these biases are illus-
trated with an example of car price developments.

The paper is structured as follows. Section 2] explains the background of the prob-
lem introducing various technical concepts used in the sequel. Section 3] analyzes
the biases associated with least-squares and maximum-likelihood estimation of two
Laspeyres- and Paasche-like fully hedonic price indices. Specific attention is paid to
the consequences of weighting. Also, an empirical example of the extent of the biases
is provided. Section @ examines some of the bias problems for matched model price
indices, while section 5] comments on the bias for hedonic indices based on pooled
estimation of the hedonic model. Section [@l reviews the main findings emphasizing
that the bias associated with least-squares estimation of log-linear hedonic relation-
ships is not innocent in general and that applied work in the area should at least
indicate the magnitude of the biases resulting from this type of modelling.

IRelated work can be found in, e.g.[Aigner| (1974), Evans and Shabanl (1976), Kennedy] (1981)), Rukhinl
(1986)), and |Zellner! (1971)



2 Background of the estimation problem

The estimation bias discussed stems from the statistical fact that the parameters
(mean and variance) of a normally distributed random variable are not simply the
natural log’s of the corresponding parameters of a log-normally distributed random
variable. As[Berndt (1991) p.127) notes, an analysis of log prices is just not the same
as an analysis of prices. The assumption of normality is not really necessary, asiGold-
berger| (1968) notes, but greatly simplifies many derivations. This section briefly re-
states the known facts about the biased estimation of the parameters and expected
value of log-transformed multiplicative models, and defines a general formulation
to evaluate biases in specific situations examined in the next section.

Many price studies based on [Lancaster| (1966alb)’s household production theory,
adopt a linear relation between log prices on the one hand and product character-
istics on the other hand in order to estimate quality corrected prices of products. The
relationship is a consequence of the first order conditions associated with a two-stage
optimization procedure, in which the utility derived from product services is maxi-
mized, and where the product services are the maximum attainable at given product
characteristics.

Stochastic properties of the log-linear model

The log-relationship is either imposed a priori or selected on the basis of specification
tests (Van Dalen and Bode, [2004). Let Y denote the price of a product variety, and
y = InY its log-transformation. Moreover, let x be a (K + 1)-vector with relevant
product characteristics, which are non-stochastic and which may or may not have
been suitably transformed by themselves. The x’-vector has a 1 on the first position
to cope with inhomogeneities in the price-characteristics specification or to reflect
deviations from some reference product variety as in the pooled hedonic model. The
commonly adopted log-linear price relationship may then be represented as:

y=x'pB+¢ (1)

for arbitrary product varieties. The parameters to be estimated are summarized by
the parameter vector 3’ = (89, 31, - - - , B ), where 3 represents the intercept and the
O reflect the proportional price changes resulting from unit changes in the corre-
sponding characteristics =, 0, = (0Y/Y)/Oz, fork =1,... | K 2 The additive distur-
bance ¢ is assumed to be identically, independently normally distributed with mean

%It is tempting to interpret the 3, as the implicit prices of the characteristics of a product variety. This
would indeed be the case in a linear price-characteristics relationship. The interpretation is not valid,
however, in the log-linear model. If some measure of implicit prices is still desired, then 9Y/0z) = BrY
seems a suitable candidate.



w and non-zero variance o2, € ~ n(u, 0?). The model implies that the expected log-
price for a given product variety is: £ (y|x) = x’3+ i, which is equal to the systematic
part of (I) when the common assumption p=0 is made.

The implications of the log-linear specification for the relation between the non-
transformed, original price of a product variety Y and the associated product char-
acteristics x can be analyzed by taking exponents of the log-price in ():

Y =¥ = XBte = oX'By, )

with v = €%, v > 0, the multiplicative disturbance term. Since ¢ is normally dis-
tributed with parameters . and o2, v is log-normally distributed with the same pa-
rameters p and o2. Following these properties, the expected value and variance of the
disturbance v are equal to E(v) = exp{p+302} and V (v) = exp{2u+0?}(exp{o?} 1),
respectively. The expected price of a variety with characteristics x is read from (@) as:
E (Y|x) = exp{x'B} E(v), which is equal to the systematic part of (Z) when E(v) is
assumed to be equal to 1, E(v)=1.

The stochastic properties of (1)) and ) make that the expected value of the price Y
and that of the log-price y cannot at the same time be equal to the corresponding
systematic parts of their model specifications. In other words, assuming that E(v)=1
in (@) is not consistent with assuming 1=0 in (I} except in the trivial situation when
02=0 (which is excluded by assumption). Suppose that the focus of analysis is on
the non-transformed price Y described by (). In this case, the requirement that the
expected price of a product variety conforms with the systematic part of (2) implies
that the expected value of the disturbance is equal to 1, E(v) = exp{u + 10%} =1,
which in turn implies that the expected value of ¢ is equal to:

BE) = p= 350" ©
which is strictly negative for positive 0. The variance of v becomes: V' (v) = exp{c?} —
1. Alternatively, setting the expected value of the disturbance ¢ in () equal to 1 =
0, implies that the expected value of v is larger than 1: E(v) = exp{0 + 302} =
exp{30?} > 1. The inconsistency of the two requirements, E(¢)=0 and E(v)=1, to-
gether with the implication of E(v)=1 that E(¢) = u = —30? are at the core of the
estimation bias elaborated below
Before discussing the estimation issue, it is convenient to quote the moment-generat-
ing function of the normally distributed disturbance term ¢ as: M.(t) = E(e*®) =

3Note that the discussion concentrates on the expected values of the disturbances in (@) and @) and
not on their variances. The reason for this is that no specific values for V(¢) = o2 and V(v) have been
imposed except that they are positive. The latter is not a restrictive assumption: if V(¢) = 02 > 0, then
V(v) = exp{o?} — 1 > 0, and the other way around.



exp{tp + 1t?0?}, which in the case of yn = — 102 boils down to M, (t) = exp{—ito? +
11202} = exp{—3102t(1 — t)} for real numbers t. The moment-generating function
can be used, among other things, to easily calculate the mean value of v as E(v) =
E(ef) = M.(1) = 1. In the case of an arbitrary multivariate normal random variable
z,z ~ n(d, A), the moment-generating function of z is given as:

My(t) = E(et%) = Foravar )

for real-valued vectors t; all quantities appropriately dimensioned. The moment-
generating function is frequently applied below to simplify calculations. For exam-
ple, the variance of et'%, defined as V (¢!'%) = E(e?*'#) — E2(et'%), can be determined
with the aid of @) as:

V(™) = My(2t) - M(t)
e?t’6+2t/At B €2t’6+t’At

62t’5+t’At (et’At N 1) (5)

Properties of the least squares estimator of 3

Much applied research in price index theory, determines the unknown parameters 38
in (2) by least squares estimation of () (incorrectly assuming p = 0) using a random
sample of prices Y; and characteristics x; of N product varieties ¢ = 1,..., N. The
sample information is compactly summarized with a N-vector of prices Y, a N-
vector of log-prices y and a N x (K + 1)-matrix X of product characteristics with a
N-vector ¢ of 1’s in the first column. The question for now is how the least squares
estimator is affected by the stochastic properties of models (I) and ).

The least squares estimator 3, 5 of 3 in (I is equal to:

Brs = (X'X)'Xy (6)

= B+ (X'X) 'Xe
where e = y — X3 according to (I)). The expected value of the least squares estimator
B isequal to E(BLg) = B+ (X'X) 'X'E(e). Since the expected value of € is equal

to E(e) = —10% according to (), the expected value of the least squares estimator
B, can be simplified to:

E(BLs) = B+ (X'X)"'X'E(e)

= B+ (X’X)_1X'(—%azb) )
= 8- %0’2(X/X)_1X/L
= B- %0'210



Here, (X'X)"!X'c = i, the first column of the (K + 1)- identity matrix I, as a
result of the fact that « matches the first column of X. This outcome shows that the

least squares estimator of the intercept 3 in () is downward biased by an amount

1
2

(@) are unbiased. Moreover, the variance-covariance matrix of 3¢ is simply equal

o2, while the least squares estimators of the other parameters g, (k = 1,..., K) in

to:

V(BLs) =EBrs — E(Bs)(Brs — E(BLg)) = c*(X'X) ™ (8)

The unknown o2 can be estimated unbiasedly by the familiar mean square error: 67 4
=> .y — XiB15)%/(N — K —1). The estimated standard errors of the least squares
parameter estimates are therefore the same as in common applications of the log-
linear regression model with E(e) = p = 0.
It is important to note that the bias of the estimator of the intercept /3, in (I) is not
the same as the bias of its exponent in (Z), and that the absence of biases in the least
squares estimators of the other parameters 55, (k = 1, ..., K) does not extend to the
exponent of these parameters in (2). This is not merely an academic observation, but
has practical relevance for inferences about the time dummy-effects in pooled he-
donic regressions. This is easily demonstrated by means of the moment-generating
function of 3, g. Since B ~ n(B — 102y, 02(X'X) 1), applying @) leads to:

My (t) = ot (B—30%0)+ 5t/ 0% (X' X) "'t 9)

— B30 ltotzott (X' X) T e

with t an arbitrary real valued (K + 1)-vector having ¢, as its first element. Us-
ing @), the expected value of the estimator of the exponent of the intercept e s
found by setting t' = (1,0,...,0): E(e®) = exp{fy — 102 + Lo2)}, with 02, element
(1,1) of the variance-covariance matrix (8). The expected value of the exponent of the
least squares estimator of an arbitrary parameter [3;, is likewise obtained as £ (ePr) =
exp{Bk + 207, }, with 7, element (k+1,k+1) of ), k = 1,..., K. So, even when the
least squares estimators of the ; are unbiased, their exponents are not.

Properties of the least squares predictor Yig

In addjition, it should be noted that the main interest in hedonic analyses is in under-
standing variations in the price of product varieties Y. The question arises, therefore,
how inferences about Y in () are influenced by the properties of the least squares es-
timator of the 3’s in (). Below we illustrate the consequences of the stochastic prop-
erties of models (1)) and (@) for such inferences by comparing the expected values of
the price Y, and of its least squares predictor Y, = exp{x.3;,s} of an arbitrary
reference variety r with characteristics x...



Starting from (2), the expected price E(Y,|x,) of the reference product is equal to
E(Y,|x,) = exp{x,.B} E(v) = exp{x].3}. The variance of the price Y, is obtained as:
V(Y. |x,) = exp{2x. 8}V (v) = exp{2x]. 3} (exp{c?} — 1). Note that the variance of the
price Y, depends on the size of its systematic part exp{x] 3}, unlike the variance of
the log-price y, which is equal to 0% and therefore constant.

The least squares predictor Yys, of the price Y; is obtained by inserting the least
squares estimator (6) into the systematic part of (@): YLS,T = exp{x.B,5}. The ex-
pected value of this predictor is equal to: E(Yyg.,|x,) = E(exp{x.8.s}) = exp{x.3} x
E(exp{x,.(X'X)~!X'e}). The latter part of this expression can be determined with
the moment-generating function @), which for the disturbances & ~ n(—40%,0%I),
is equal to M. (t) = exp{—102t's + 102tt}. Letting t’ = x/.(X'X) "1 X’, the expected
value of the least squares predictor is found as:

BE(Yis,lx) = B(e%Prs)

_ ex;@E(ex;(x’x)*lx’E)

= & PM(X(X'X) %)
ex,’,ﬁe—%a2x;,(x/X)*1X'L+%azx;(x/X)*1X/X(X’X)*1xr

— exrﬁef%0'2x;,i0+%0'2x;,(X'X)flx,,,

—  XB—30%(1=h;) (10)

The quantity h, = x/(X'X) 'x, is the leverage value for product variety r with
characteristics x,. It represents the standardized distance of variety r’s product char-
acteristics x, from the center of the sample space spanned by X. The leverage value
h, is always in between 1/N and 1 for reference products that are part of the sample.
It is equal to 1/N, if x| represents a vector of (unweighted) average characteristics,
x. =JX/N.

In like fashion, the variance of the price predictor Yzs, can be derived using (5) as:
V(Yis.r|xr) = exp{2x.8 — 02(1 — h,)}(exp{c®h,.} — 1).

It is interesting to note that the least squares price predictor Y7, is a biased estima-
tor of E(Y;|x,) = exp{x].3}. The extent of the bias may be conveniently represented
by the ratio of the expected values of the predictor and the predictand:

Brs, = E(Yiselx:)/E(Y:|x,)
X830 (1=hs) 1%,
R (11)

The expression shows that price predictions made for inside the sample products (in
terms of their characteristics x,.), which have leverage values h, in between 1/N and



1, are always downward biased: 0 < Brg, < 1. The predicted prices are system-
atically below the expected price determined by (@). If price predictions are deter-
mined for new products, in the sense that the associated characteristics x,. have no
antecedents in the sample but are instead far removed from the center of gravity, it
may occur that #, > 1, in which case the predictions are positively biased, Brs , > 1.

Properties of the maximum likelihood estimators of 8 and E(Y,|x,)

Sofar, the discussion has focussed on biases associated with least squares estimation
of the unknown 3 via (). An alternative way to estimate the unknown f3, is to apply
the maximum likelihood method directly to (2). The question is how inferences about
(3 but more importantly about the price Y, of some reference variety are affected by
this alternative.

In the case of maximum likelihood applied to (@), it can be shown (see Teekens and
Koerts, 1972) that the estimator 3,,; of 3 for known o2 follows as:

. . 1.,
Buyr =Brs+ 50'210 (12)

Unlike the least squares estimator, the maximum likelihood estimator 3,,; of 3 is
therefore seen not to underestimate the intercept by an amount {02, In fact, it is
an unbiased estimator of 3 in view of @): E(3,,;) = 3. The maximum likelihood

estimator of 02 is equal to 6%, = Y=E=152 o, which is slightly biased but consistent.

The variance may also be estimated by 67 ¢, which is unbiased but for which the
likelihood function is no longer at its maximum.

Interestingly, the unbiased estimation of 8 by maximum likelihood does not expel
the bias from the price predictor Va1, . = exp{x.3,,,} as an estimator of the expected
price of a reference variety E(Y;|x;). The expected value of the maximum likeli-
hood predictor Yaz . is equal to: E(Yasz,|x,) = E(exp{x.B1.}) = E(exp{x’ (B¢ +
10%y)}) = E(exp{x,B,5}) exp{10?}. Using the result for the expected value of the
least squares predictor exp{x’3; ¢} in (), the expected value of the maximum like-

lihood predictor becomes:

’

E(Varplx,) = B(ePus)ebe” = @0ptith (13)

The variance of YML’T can be obtained as: V(?]WL}T‘XT) = exp{aQ}V(exp{x’,ﬁLS}) =
exp{2x. 8 + o2h, }(exp{c?h,} — 1).
The extent of the bias of Yy, may again be expressed as a multiplicative factor
Byr = E(?ML7T|XT)/E(YT|XT), which is equal to:

Bur, = EVup.|x)/E(Y,|x,)

’ 1.2 ’
— eX,,-ﬁ"rgU hy /exr,»ﬁ

= e3hr (14)



Since the bias factor By, is always larger than 1, the maximum likelihood predictor
Vs is seen to systematically overstate the expected price of a reference variety.

Intermediate result

Summing up, the least squares estimator 3; 4 is always a biased estimator of 3 in
(@), while the maximum likelihood estimator 3, is practically unbiased (except for
the slightly biased maximum likelihood estimate of o%). The least squares predictor
YL s, is a (usually) downward biased estimator of the expected price E(Y;|x,), while
the maximum likelihood predictor Y ,r is upward biased. The size of the bias de-
pends on two factors: the variance o2 of the disturbance ¢ in (I); and, in the case
of the predicted prices, the leverage values &, of the reference variety with product
characteristics x,.. The biases are small, when both factors are close to zero. The next
session discusses the implications of these biases for the measurement of several he-
donic price indices proposed in the literature.

3 Hedonic price indices based on annually
estimated hedonic regressions

Several hedonic price indices can be calculated based on the log-linear models (I)
and (@). One way is to define Laspeyres- and Paasche-like price indices as quality-
adjusted price ratios of a typical product variety. Here, "typical” is operationalized
as a product variety with characteristics equal to the average product characteristics
in either the reference period (Laspeyres) or the current period (Paasche). Another
way is to adopt a matched-model approach, in which various price indices are con-
structed as (arithmetic or geometric) averages of price ratios of matching product
varieties. The hedonic price-characteristics relationship is used here to impute the
missing prices of entering or exiting product varieties. Yet another way is to esti-
mate the hedonic model on a pooled sample of two or more periods, while using
time-dummies to catch up with systematic price changes with respect to some base-
period price level.

Starting point for all three methods of calculating quality-adjusted price indices is
the assumption that the price-characteristics relationship (@) holds in both the current
period (=1) and the reference period (=0):

1
yo = %08+ o, EoNn(—§U§7U§)
1
1 = x1B;+e1, e1 ~n(—=07,07) (15)

2



for all product varieties offered for sale in the two periods of observation.

Although the difference between these approaches is not always strict, it perfectly
serves to clarify the various ways in which the hedonics-based indices may suf-
fer estimation biases. Below, we illustrate the consequences of least-squares and
maximum-likelihood estimation of () for these calculation methods in the afore-
mentioned order.

3.1 Definition of the quality-adjusted price indices, P4 and P?

T

In a cost of living framework, price indices are defined as the ratio of the minimum
expenditures necessary to attain some reference utility (or living standard) at current
and reference period prices. One way to measure this ratio is to compare the charac-
teristics of a typical product variety at current and base period implicit prices. This
section discusses how this price ratio is defined, how it is estimated and how the
estimates are biased due to the improper use of the log-linear model.

A price index defined as the expected value of a price ratio, P

Quality-adjusted price changes based on (I5) may be defined as: (i) the expected

value of the ratio of the price levels of some reference product (P); or (ii) the ratio

of the expected price levels of a typical variety (P?). The difference between the two

indices concerns their treatment of non-systematic price variation in the model. The

first index P/ is based on the price ratio P(31, B, %) = Y1,/ Yo, for a representative

product variety with characteristics x,, which can be written by using (13) and (@)

as:

Yy,

Yor

_ exp{x,B; + €1} (16)
exp{x].8 + €or }

= exp{x;(8 — Bo)} exp{err — cor}

The reference variety r may be a single product variety satisfying the model prop-

P(ﬂl?ﬂOaXT) =

erties (I5) or a hypothetical product variety with x, equal to the average charac-
teristics X, of a reference set. In the latter instance, Y3, and Y;, can be interpreted
as (weighted) geometric averages of prices Yi,; and Yj,; of varieties j in the refer-
ence set, which satisfy model (I5); €1, and eg, are (weighted) averages of the cor-
responding disturbances ¢1,; and eq,;. Suppose that the reference set consists of
n, product varieties having weights w,;, 0 < w,; < 1, which are conveniently
summarized by a n,-vector w,. = (w1, ..., W, y,) satisfying wl.¢, = 1. The refer-

: : _ Ny Wrj _ Ny / Wrj —
ence prices are then obtained as Y1, = [[}Z, Y},7 = [[;Z, exp{x;;8; + €1,5}"7 =



exp{d 71, wryxy; By + 00 wrjeryy} = exp{X; By + 1} withx, =%, =370 wyx,
and 1, = Z;”;l w1 = Wier,. Similarly, Yy, = exp{x] 3, + o} with ¢, = Wl.€q,
and w,. and x,. defined as before.

Clearly, the price ratio (16) is a stochastic quantity which partly consists of the sys-
tematic parts of the price-characteristics relationships (I5) and partly of the random
deviations from these systematic parts. It is itself not an attractive index, as the
composing price levels Y7, and Yy, are hypothetical, not necessarily observable con-
structs and the index is subject to random variation. It seems more obvious, therefore
to take the expected value of (I6) as the relevant quality-adjusted period-to period
price change, yielding P* = E(Y1,/Yo,):

Y
P} = E(
" (Yw)
= exp{x,(B, — Bo)} E (expf{err —€0r}) (17)
e[ (B1 — By)) exp{o?)
where 02 = —1(0} — o) + so?wlw, + Lolw/w,. The expectation term in (I7) is

obtained by elaborating the moment-generating function @) for a random variable

z' = (g},,e(,) with 8’ = E(z) = (—10%i.,—303¢.), A a block-diagonal matrix with

0?1, and 031, on the main diagonal, and t’ = (w, —w.).

Two aspects of this index are worth noting. First, the quality-adjusted price index

P;“ depends on the difference between the disturbance variances of both periods,
1(.2 2

—5(0f — 03), and on the average of the disturbance variances times the sum of

squared weights, (0} + o3)w,w,. If all varieties in the reference set are equally
weighted, then w,; = 1/n, forj =1,... ,n, and 02 = —3(0f — o) + 5 (03 +03) /n,. If
the number of product varieties in the reference set n, is relatively large, then the role
of the latter part is comparatively small. If there is but a single reference variety, then
nr = 1 and o2 is seen to reflect uncertainty in the base-period hedonic relationship
only, 02 = 03. Second, the disturbances ¢;,- and ¢, are supposed to be independently
distributed, cov(e1.., £9,-)=0. If non-zero correlations p1o between the disturbances of
the product varieties in the reference set are assumed, then the last part of (I7) would
become o2 = —1 (0% — o) + 1(0% + 0% — 2po109o1 )W, w,. This can be easily checked
by applying @) as before with A having non-zero off-diagonal blocks o¢;I,,, with the
covariance og1 = po10901. If the reference varieties are equally weighted, then w/ w,

= 1/n, and the role of the correlation term is seen to diminish with n,..

10



A price index defined as the ratio of expected prices, PP
A second quality-adjusted price index P” may be defined as the ratio of the system-
atic parts of the price-characteristics relationships:

P _ X0}
exp{x, B}

This approach links up with the theoretical outcome of Lancaster’s household pro-

= exp{x,.(8; — By)} (18)

duction theory: it directly relates the solutions of the first order conditions rather
than their stochastic price-quality representations given by (I5). In this respect, P?
resembles the pooled hedonic price index P”" = exp{r} in {@8), which is similarly de-
fined as a ratio of expected prices of a given product variety. Unlike P4, the quality-
adjusted price index P? is not affected by the uncertainty in the price-characteristics
equation reflected by o2.

The general definitions of the quality-adjusted price indices P and P? can be fur-
ther specified by explicating the characteristics x, of the reference product variety
r. Thus, Laspeyres-like indices P{* and P¥ are obtained by choosing the reference
product variety equal to the average amounts of product characteristics in the base
period: x,. = X. Paasche-like quality-adjusted price indices P and PF are obtained
by setting the reference variety characteristics equal to the average current period
characteristics x, = X;. Having defined the quality-adjusted price indices of interest,

we now turn to their estimation.

3.2 Estimation of the quality-corrected price indices, P and P?

The quality-adjusted price indices P and PP are based on the unknown param-
eters of the hedonic models (I5), which can be estimated by least-squares or by
maximum-likelihood. This section discusses the consequences of these estimation
methods starting with least-squares.

Least-squares estimation of the quality-corrected price indices

Estimates P, of the proposed quality-adjusted price indices are often constructed
as the ratio of predicted price levels, Y1, and YOW obtained by least squares estimation
of the unknown parameters in (I5) for the current and base period separately and
inserting the relevant sample averages X; or X, leading to Pr St

R Visir exp{x.Brs.} R .
Prs, = Lo ; LA exp{X;(ﬁLS,l —Brso)} (19)
Yisor exp{X.Brso}

11



The question is whether, how and to what extent this procedure biases the price
index measures, where for ease of exposition the population variances are treated as
known.

Using (@), the expected value of PLS’,« can be obtained as:

E (PLS,T) E (eXp{X;”(/éLS,l - BLS,O)}> (20)
exp{x;.(81 — Bo)} ¥
E (exp{x(X} X)) 'X/e1 — xL.(X{Xo) ' X{e0})

1 1 1
exp{x,.(8; — ﬁo)}exp{—g(ff% —0p) + iU%hu + iaghw}

with ho, = x..(X{Xo) "%, and hy, = x..(X;X1) " x,.. The expectation term in (20) fol-
lows the application of the moment-generating function @) for a random variable z’
= (e}, ef) ~ n(d, A) with &' = (—1o%4), —$034)), A ablock diagonal matrix with 071,

and oI on the main diagonal, and a vector t' = (x/. (X} X;) 71X/, —x.(X}X) "1 X{).
The variance of Py g, can be determined similarly as: V (Pps,,) = exp{2x.(3, — 8B,) —
03 (1 = h1y) + 03(L + hoy) Hexp{oPh, + o3hor} — 1).

Comparing the expected value of the quality-adjusted index (20) with the estimands
in (I7) or (I8) reveals that the hedonic price indices based on log-linear regressions
are clearly not unbiased. The extent of the bias may be represented by the ratio of
expected price changes conform (I1)), which in the case of P! leads to the bias factor

A .
BLS,T'

E(PLS,T’)
st,'r‘ = PA
(X8, — By} exp(— 10 — aB) + SoPhi, + bodhor)
exp{x;.(8; — By)} exp{— %( - ‘70) + é(01 + Uo)WrWr}
1 1 1
= exp{gafhh« + iaghor — 5(01 + O’S)W,’,.WT} (21)

In the case of P75, the bias factor B? s, for a product variety with quality character-
istics x, is equal to:

E(Prs,)
Bls, = —pB

exp{x,.(8, — By)} exp{—5(0f — 0§) + 501h1r + 305h0r }
exp{x7.(81 — By)}

1 1 1
= exp{—a(a% —0d) + §O%h1r + 50'(2)}7/07‘} (22)

The bias factors can be further specified by evaluating 1) and @22) for a particular
reference variety. In the case of the Laspeyres-like price-indices P{* and PP, insertion
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of the base-period (weighted) average characteristics x,, = X( leads to the bias factors
Bis ; and Bf; ;, while in the case of the Paasche-like indices Pj and PF, insertion
of the current-period (weighted) averages x, = X; gives the bias factors B’qu, p and
BPs p. The practical implications of these biases are discussed below.

Maximum likelihood estimation of the quality-corrected price indices

In addition, quality-adjusted price indices can be based on maximum likelihood esti-
mation of (I5) leading to Py L. Analogously to (I9) and recalling that the maximum
likelihood estimator of the unknown 3 is equal to the least squares estimator plus
half of the error variance (12), Py L,r can be written as:

pJV[L,r = eXp{X;(BML,l_BML,O)}

R A 1
= exp{x.(Brs1 — Brso) + 5(‘7% —a0)}

A 1
Prs, x GXP{g(U% - 05)} (23)

The maximum-likelihood based estimator Py, L, is therefore simply obtained by
multiplying the least-squares estimated price-index Py s, with exp{1(c? — od)}.
Using @20), the expected value of Py L is found as:

FE (pIVIL,r) = F (pLS,r) X exp{%(a% - 0(2))}

1 1 1
exp{x,.(8; — Bo)} eXP{—§(U% —05) + §U%h1r + gaghor} X
1
<expl5 (0% - o))
1 1
= exp{x.(8; — Bo)} eXP{§U%h1r + §Ugh0T}’ (24)

where ho, and hy, are defined as before. Likewise, the variance of Py, L. is obtained
asV(Pyr.,) =V (Prs,)exp{oi—od} =exp{2x.(8,—B¢)+0thi,+0tho, } (exp{oihi,.+
oghor} — 1). Reference product varieties with base-period average characteristics
X, = X or current-period average characteristics x,, = X; can be inserted into (24) to
have the Laspeyres-like hedonic price index Pyz, . and the Paasche-like price index
Pyrp,p.

The quality-adjusted, maximume-likelihood based price index Pa;r - is still not an
unbiased estimator of the indices defined in (I7) and (18). Combining the expected
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value of Py/y,, in @4) with P2 in (I7) leads to the bias factor B, 1. €qual to:

E(pML,r)

By, =
ML,r A
P’l"

1
Bils, x exp{5(0% - o)}

1 1 1 1
= exp{§(0% —02) + iafhh + 50'(2)h0r - 5(0% + o2 wi.w, } (25)

Similarly, the bias factor By, , with respect to P? is:

E(Pyr,)

Byip, =
ML,r B
P’I‘

1
= st,r X eXP{§(U% - 03)}

1 1
= exp{icr%hlr + 5aghw} (26)

The bias factors, By, LI By 1, B3, .pand By, 1, p, for the Laspeyres- and Paasche-
like price changes are again found by substituting x, = X¢ and x,, = X; into (25) and
[26), respectively.

3.3 Bias implications

A comparison of the bias factors 1), @2), 25) and (26) shows that the quality-
adjusted hedonic price index is a biased estimator of both P2 and PZ, regardless
of using the least-squares (I9) or maximum likelihood (23) results. The differences
between the bias factors are caused by three factors: (i) exp{—3(c} + of)w,w,} due
to the choice of estimand P/ in (IZ) or P? in (A8); (ii) exp{3 (0} — ¢3)} due to the
choice of estimation method, least squares (I9) or maximum likelihood (23)); and (iif)
the shared component exp{ %afhlr + %03 hor }, which is due to the use of a non-linear,
semi-log hedonic model (I5) rather than a strictly linear specification. The first ele-
ment exp{—3(c} + o})w.w,} is always smaller than 1 causing a downward bias of
the hedonic price indices. The third element, exp{ %a%hl,. + %ag hor}, is always larger
than 1 causing an upward bias of the estimated hedonic price indices. The second
element exp{3(c? — 03)} can be either larger or smaller than 1 depending on the
difference between the variances.

The size of the biases therefore depends on: (i) the choice of the price index to be
estimated P2 or PZ; (ii) the amount of unexplained variation in the hedonic re-
lationships, 0(2) and o?%; and (iii) the leverage values of the reference varieties, ho,
and h;y,. The first source of variation is not empirical, but a consequence of prefer-
ences for either P/ or PP articulated on metaphysical grounds. The resulting bias
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can simply be resolved by multiplying the estimated hedonic indices (I9) or 23) by
exp{1 (0} + o)Wl w, }.

The second source of variation is more subtle. If the variances 03 and o7 are more or
less equal-sized, such that the difference o — o7 is close to zero, then the bias due
to choice of estimation method (least squares or maximum likelihood), is negligible.
If the variances are small in relation to the leverage values, then also the bias due to
the application of a non-linear hedonic model exp{2 (6%h1, 4+ o3ho,)} will be small.
The role of the variances therefore has partly to do with the stability of the hedonic
relationship in time (equal 03 and %) and partly with the absolute performance of
the hedonic models (small 02 and o}).

The third source of variation concerns the leverage values ho, and h;,, which reflect
the (standardized) distance between product varieties with characteristics x, and the
center of gravity of the explanatory information summarized by X, or X;. In the case
of typical product varieties with characteristics equal to the (unweighted) sample av-
erages X, = Xg Or X, = X1, the leverages hoo and h;; are equal to the reciprocal values
of the corresponding sample sizes (1/Ny and 1/N;). Moreover, if the characteristics
space does not change too much from one period to another, such that Xy and x;
do not differ too much, then ho; and hio will also be close to these reciprocal values.
This implies that the bias due to the use of non-linear models, exp{3 (c7h1,+03hor)},
decreases when the sample size increases, assuming that the variances o3 and o7 are
fixed. Combining these insights, it follows that the maximum-likelihood based he-
donic index usually is an adequate measure, especially in larger samples, while the
adequacy of the least-squares based hedonic index depends on the size and temporal
stability of the variances o and o}.

The expressions for the bias factors also show that a high explanatory power of the
hedonic regressions is not a sufficient condition to prevent biases to occur, and not
even a necessary condition to cause biases not to occur. The reason for this seem-
ingly counterintuitive result is that the bias depends on the error variances which
are not standardized measures, unlike the coefficient of determination R2. For ex-
ample, if the explanatory power of the estimated hedonic models is strong, such that
the two variances o2 and o7 are small (that is close to zero, in absolute sense), then
the resulting biases will indeed be small. However, if the explanatory power of the
models is poor but the variances o2 and o? remain stable over time, then the bias due
to the choice of estimation method, least squares or maximum likelihood, will still be
small. By contrast, if the difference between the two variances o2 and o7 is substan-
tial despite a possibly high explanatory power, then also the bias may be quite large.
The practical relevance of the biases will be further illustrated below using examples
from the literature.
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3.4 Weighted least squares and maximum likelihood

Much applied work in price index measurement is based on weighted least squares
of the hedonic relations (I5); examples are|Cole et al.| (1986), [Aizcorbe, Corrado and
Doms| (2000), and [Silver and Heravil (2001). The weighting variable is often taken
to be some measure of sales volume in line with previous suggestions by |Griliches
(1971). A consequence of weighting is that the previously developed formulae no
longer apply and that published information about mean square errors and sample
sizes is insufficient to gauge on the extent of the biases. The question addressed in
this section is how the previous results are affected when applying weighted rather
than unweighted estimation of the unknown parameters in the hedonic model (15).
Suppose that the hedonic model is estimated by weighting each product variety with
an amount ¢, ¢ = 1,..., N, t = 0 or 1. The weights are positive, ¢;; > 0, but do not
necessarily add up to 1, which conforms with the commonly used sales volume mea-
sures. The weights are arranged in diagonal N;-matrices Q; = diag(qi¢,- - ., qn, ) OF
Ny-vectors o) = (qit, - - -, qn,,t), Wwhere q; = Qe and ¢ = 0 or 1, to facilitate the esti-
mation procedure. After specification of the weight variable, most software packages
produce outcomes of the weighted least squares estimator Bw s, defined as (cf. ()):

Bis: = (XjQiX:) ' X[ Quy: = B, + (XQiXs) "' X[ Qe 27)

which is a solution to the minimization of the weighted sum of squares (y; —X;3,)’ x
Q:(y:—X¢3,) over 3,. The approach is consistent with assuming that the disturbance
vectors are distributed as e; ~ n(u;,0?Q; ") for both periods, where the p, are yet
to be determined.

The impact of weighting on the biases depends on the objective of the weighting
scheme. First, weighting may be considered a simple way to take heteroscedasticity
into account. In this view, the variances of the product varieties are allowed to differ,
V(ei) = o with 02 = 0?/q;:. Applying the condition E(v;;) = 1, conform (I) and
@), gives E(e;t) = — %U?t =— %af /qit- Hence, the disturbance vectors are distributed
as e, ~ n(—107Q; Y44,02Q; ). Second, weighting may be considered an attempt to
analyze the actually sold items of a product variety realizing that some product vari-
eties are more popular than others. In this view, the observed prices Y;; in the sample
may be interpreted as geometric averages of the unobserved prices Y;: ; of ¢;+ sold
items of the product variety, each item satisfying the log-linear model (15) as before:
Yi = ?iztl )/Li/_]q” = 221 exp{x;, 3, +5it7j}1/q” = exp{i 321 X, B¢ + ﬁ 221 Eitj}
= exp{x},8; + i} withe;; = q% ;1_21 €it,j. Assuming the ;; ; to be identically and
independently normally distributed satisfying F(v;; ;) = 1 in accordance with (I5),

git,j ~ n(—10?,07), implies that the ¢;; are also normally distributed with expecta-

tion —10?, but with variance o7 /g;t, £t ~ n(—30?,0?/q;t). The disturbance vector
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is therefore distributed as &; ~ n(—307t;,02Q; "). So, changing the order of apply-
ing the weights and imposing the condition E(v) = 1 affects the expected value of
the disturbances e, while the variance-covariance matrix of e; remains unchanged.
Both approaches are consistent with the weighted least squares procedure yield-
ing (7). But obviously, the expected value of 3y s+ depends on whether one takes
pe = —307Q; "y or p, = — 30?1, as the expected value of ;.

Here, we adopt the second motivation for weighting, assuming that weighting serves
to take varying sales volumes into account rather than to cope with varying price
heterogeneity between product varieties. The expected value of By s, in @7) is con-
sequently found as:

B (Bws:) =B~ 5otio 28)

which is similar to () but with 7 the multiplicative constant in ¢7Q; ' instead
of in ¢2I;. The welghted maximum likelihood estimator 3y L can be found as
By Lt = = By st t+ 10?io in accordance with (I2). In addition, all previous deriva-
tions remain the same except that all cross-products X;X, become weighted cross-
products X,Q;X;. Moreover, o7 is estimated by the weighted least squares esti-
mator: 6iyg, = (yi — X:Bws.) Qi(yr — X:Bwsy)/(Ny — K, — 1). The impact of
weighting on the theoretical results therefore seems rather limited. But note that this
would definitely not be the case when adopting the heteroscedasticity considera-
tion with E(e;) = —107Q; 14;, which leads to an expected value of 3y s,t equal to

E(BWS,t) By — 307 (XiQuXy) 1 X1y

3.5 Some empirical results

The consequences of using log-linear models for price index construction are illus-
trated with an example of new passenger cars sold in the Dutch market during
the period 1990-1999. The data about prices, quality characteristics and sales have
been described inVan Dalen and Bode! (2004). Their table 3 presents various hedonic
price indices of interest, and their table C.1 gives the regression results of the hedo-
nic regressions used. Some relevant features of these results, such as sample sizes,
R%s, mean square errors and brand-weighted, least-squares based Laspeyres and
Paasche-like price indices, have been put in tables[lland 2lbelow. The results indicate
considerable fluctuation in the number of product varieties offered for sale during
the observation period, starting from 1816 product varieties in 1990 and growing to
2937 varieties in 1999. The explanatory power of the hedonic regressions varies from
93.1% to 95.5%, while the mean square error lies between 0.524 in 1997 and 2.03 in
1990. The quality-corrected chained Laspeyres-like price index is seen to increase to
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1.048 in 1993, after which it declines to 0.963 in 1999. Likewise the chained Paasche-
like price index increases to 1.069 in 1993 and then decreases to 0.990 in 1999. The
question is how these least-squares based results are affected by the biases associ-
ated by the use of log-linear hedonic models.
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Straightforward correction of the year-to-year quality-adjusted price changes Py s, 1.
and Py s, p in ([9) by multiplying with exp{3(5? — 3)} gives the maximum-likeli-
hood based indices PW L, and PW r,p defined in (23). The impact of the correc-
tion is huge: the maximum-likelihood based, quality-corrected price indices, Py 1,1,
and Py L,p, are below the least-squares based price indices, PWS,  and PWS7 p, in
all years, pointing at a quality-corrected price level of passenger cars in 1999 of
about half the price-level of new cars in 1990. There is little difference between the
Laspeyres and Paasche results in this respect.

The extent of the biases depends on the intended use of the quality-corrected in-
dices as estimators of either P2 in (I7Z) or P? in (I8). The estimated expected values
of both price indices P/ and PP obtained after dividing either Pg g . or PF, by
their respective bias factors, are shown in the last two columns of tables [Il and [2
while chained indices based on the year-to-year bias factors B3, S Bv%s,w B L
and BY, 1. are presented next to the corresponding price indices. The results show
that the (weighted) least-squares price indices Py s, and Py s p are practically un-
biased estimators of P{* and P4, but are extremely upward biased estimators of PZ
and PF. In the former instance, the bias factor Bé‘vs, £ in 1999 is only 99.5 of the
1990 level, while in the latter instance the bias factor BE, 5.z, is 1.893, almost double
the 1990 level. The outcomes for the maximum-likelihood based estimators Py LL
and Py p are almost reversed: these indices appear to be almost unbiased when
estimating PZ and PE, but are substantially biased when estimating P;* and P}.
The main source of the biases is the factor exp{ (6% — 03)}, whose estimates vary be-
tween 0.747 in 1993 and 1.080 in 1999. The other two factors are relatively small.
The factor exp{—1(c? + o3)w,w,} is estimated between 0.998 and 1.000 for the
Laspeyres-like indices and between 0.999 and 1.000 for the Paasche-like indices. The
estimated factor exp{30%hi, + $03ho,} does not differ from 1 in the third decimal
in any situation. The biases are therefore largely due to the dynamic performance of
the hedonic regressions: the mean squared errors 67 reveal considerable variation in
time causing the least-squares and maximum likelihood based price indices to di-
verge. In this particular sample, the 67 are seen to decrease in time until 1997, which
makes that exp{3 (67 — 63)} is systematically below 1 (and Py 1., below Py s,,.) over
the period.

In all, the results demonstrate the importance of explicating the object of estimation
P4 or PP as well as of properly estimating the hedonic relationships.
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4 Matched-model and composite price indices

An often-used method to correct for quality differences between periods is to calcu-
late matched-model price indices, which basically are weighted aggregates of price
relatives of the relevant product varieties. The approach has intuitive appeal as it
compares like with like (Silver and Heravi, 2001) and thereby effectively controls
for quality variations, at least as far as the matched set is concerned. The hedonic
methodology is sometimes used in conjunction with the matched-model approach
to impute the missing prices (or price relatives) of entering and exiting product vari-
eties. The combination of both approaches leads to so-called composite price indices
that are based partly on observed price relatives and partly on hedonically imputed
prices. The question is how the matched-model and composite price indices are af-
fected by the use of the log-linear hedonic model (I5).

4.1 Definition of the price indices

Different composite and matched-model price indices exist, which vary with respect
to the use of weights, the period from which the weights are taken (base-period
Laspeyres or current-period Paasche), and the type of price averages (arithmetic
or geometric) applied. Here, we consider sales-weighted, geometrically-averaged
Tornqvist-like indices, in which the price relatives are either partially imputed when
missing (leading to the composite price index PY) or wholly represented by their
predicted values based on hedonic models (leading to a matched-model hedonic
price index PM). The weights are treated as exogenous to the price index construc-
tion: they are considered non-random and have no impact on the interpretation of
the included prices. The first assumption serves to simplify the exposition for the
common situation that weights are based on sales values which themselves contain a
price component. The second assumption is necessary to avoid inconsistencies with
the interpretation of the used prices implied by weighted regression of the hedonic
model as explained in section 3.4l

The composite price index P¢
A Térnqvist-like composite price index P¢ may be defined as:

1

e (LG, ()

icAinAo N0 i€ AN A0

I (G2 I (z5) -

i€ ATNAO i€ AINAL

Nl=
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Here, A' and A° represent index sets of N; and Ny product varieties offered for
sale in the current (=1) and base (=0) periods. The union A' U A° of both index
sets contains No + N1 — N, product varieties, of which N, elements are in the set
of resident varieties A! N A that are sold in both periods, N, < Ny and N, < Ny;
Ny — Ny elements are in the set of exiting product varieties A'N A% and N; — N are
in the set of entering product varieties A' N A% The prices Yj; and Yy, are observable
for all varieties ¢ and periods except for the entering and exiting product varieties.
In the latter case, the missing prices are represented by their expected values which
will be based on the hedonic models formulated in (I5). The weights wo; and wy;
are sales value shares of product varieties in the base and current periods. These
weights differ therefore from the volume weights used in (IZ) but have the same
mathematical properties (that is, they are non-negative and add up to 1 over the
base and current periods respectively). Accordingly, we use the same notation.

The expected value of P¢ is determined by elaborating (29) in terms of the underly-
ing model (I5) and then applying the expectation operator

1 1 1
E(PC) = F <€‘Xp{2 Z ”LUOiX;(,Bl — ,30) + 5 ' Z Woi€15 — 5 Z ’LUOZ'EQZ'} X
1€ A0 i€ ATNAO i€ A0
xexp{12w4x4(ﬂ ,5)+12w,5,,1 Z W1i€0i }
2 4 14 1 0 ) 4 1ic14 ) 4 1i<01
i€ Al i€ Al 1€ AT NAO

= exp{%(il +%0)"(B1 — By)} x

1, . . . 1,. . .
xE (exp{z(wl + Wo)lél — §(W1 + WQ)/&‘()})

1, _ _ 1
= exp{ﬁ(xl +%0)' (B, — By)} exp{—g(a% —o2)} x (30)
1 . . N 1y .
x exp{g (W1 +Wo) (1Qy " + 03Qq ") (W1 + o)}
The dotted symbols are (Ny + N; — N;)-vectors or matrices containing the origi-
nal undotted information and zero’s otherwise. Their elements correspond with the
unique elements of the union of A° and A'. Thus, w{, = (w{,0’) is a vector with
base-period weights and zero’s for the entering product varieties; w; = (0’, W) is a
vector with current-period weights and zero’s for the exiting product varieties. Like-
wise, &) = (€),0') and &; = (0, &) represent inflated disturbance vectors, and Q;

and Qq are inflated versions of the weight matrices Q; and Qg used in the hedonic
model.

41t is not feasible in general to determine the expected values of the price indices as the product of the
expected price relatives, because the price relatives are not independently distributed.
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The expectation part of (30) has been calculated with the use of @) taking z’ =
(€1,€0) ~ n(d,A) with &' = (—50fe);, —508e(1), A a block-diagonal matrix with
o3Qr ! and 02Q, ' on the main diagonal, and letting t' = (1 (w1 +Wy)’, — 3 (W1 +Wy)").
Here, 101 is a (Ng+ N1 — Ny, )-vector. Note that w(to; = wjto =1 and wiegr = wieg =1
The variance of P¢ can be obtained as: V (P%) = exp{ (%1 +%0) (81— By) — (07 — o)+
T 4+ W0) (07Q1 ! + 03Q0 ) (W1 + Wo) Hexp{ (W1 + Wo ) (07Q " + 03 Qy ') (Wi +
wo)} — 1), where use has been made of ().

If all product varieties in the index are equally weighted with wq; = 1/N, for i € A°
and wy; =1/N fori € A' and the product varieties in (I5) are also not weighted, then
the expected value of P¢ in (30) becomes equal to E(P) = exp{3 (X1 + X0)'(8; —
Bo)} x exp{—1(o? —U%)—!—%U%(N%—O—QNJ(Y};,] J]\\,’—g)—kéag(]\,io—o—QNfﬁh jj—lg)} Moreover,

if markets are perfectly stable, such that no exit of obsolete models nor entry of new

product varieties occurs, N; = Ny = N, then the expected value of the composite
1 1
index P is equal to the Fisher-like E(P®) = P{* P} * based on (7).

The matched-model price index PM
Analogous to (I8), a matched-model hedonic price index P* may also be defined

p= (I (Y (o ()

= oy Y wor(By - Bo) + 5 3 wix(B1 — B}

i€ A0 i€AL

as:

= exp{%(fq +%0)"(B1 — By)}

Note that PM = E(PM) as PM is a parameter and not a random variable. Moreover,
the matched-model price index PM in (B]) is seen to be equal to the geometric av-
erage of the Laspeyres and Paasche-like hedonic indices P? and PF in (I8): P =
PLB%PE %, and therefore again a Fisher-like price index. This correspondence is not
affected by the entry or exit of product varieties.

4.2 Estimation of P¢ and PM

Estimates of the composite and matched-model price indices P¢ and P can be ob-
tained by substituting the least-squares or maximum-likelihood based predictions
of the product variety price for the unobserved quantities in 29) and (3I)). The ques-
tion is how these estimators (or predictors) of the price indices behave statistically.
This section begins with the behavior of least-squares based predictors and contin-
ues with the maximume-likelihood based estimators.
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Least-squares based estimators of P¢ and PM

Least-squares estimation of the hedonic equations in (I5) for each period leads to
estimates Yy5.1; and Yys0; of the expected prices of (missing) product varieties de-
fined as Yy.s1i = X}B1g, = X;B; + x4(X1X1) "' Xes and Yrs0; = XiB150 = XiBy +
x(X(Xo) "t X} eo. Inserting these predicted values into the composite price index
PC [29) gives the predicted quality-adjusted price index PS as:

1
. Vi \ v AR
PLCS = H <Yl ) H (Y;) x

01

i€ ATNAO i€ A1NAO
W14 W14 2
Yi; ‘ Yi; ‘
— = 32
I (Ym II (7 (32)
i€ A1NA0 ie ALNA° v

In order to determine the expected value of PZ, it is helpful to introduce the fol-
lowing notation. A (Ng + N1 — Np) x (K + 1)-matrix X with the characteristics of
all product varieties (i € A' U A°) is defined such that the first Ny — N;, rows con-
tain information about the exiting product varieties (i € A' N A°), the next N}, rows
contain information about the resident product varieties (i € A' N .A°), and the last
Ni — N, rows that of the entering product varieties (i € A' N A°). Three diagonal
(No + N1 — Ny)-matrices Dy, D1 and Dy are defined with one’s on the main diagonal
for the elements corresponding with product varieties available in both periods (Dy),
the base-period (Do) and the current period (D;), and with zero’s elsewhere. These
matrices serve to select the relevant information from the (Ny + N; — N;) character-
istics vectors of X and other vectors. It is easily verified that D, = Dy + D — Iy; and
that DD = D,D; = DyD; = D,. Associated with these matrices are (Ng+ Ny — Ny )-
vectors dp, d; and dg defined as: d, = Dytg1, di = Diegr and dg = Dgegr. Note
that X'Djep1 = X'd; = X)¢1 and X'Doegr = X'dg = X{jeo, that X’'D; € = X)e; and
X'Doég = X{eo, and that X'D;w; = X w; and X'Dowy = X{wo.

Using these conventions, the expected value of the least-squares based Py (B2) can
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be determined as:

- 1
E(PLCS) = b <eXP{2 Z woix;(B1 — Bo) + woie1i — woigoi} X
AlNAC
1 _
x exp{ > woixi(By — Boy) + woix; (X[ Q1 X1) " X[ Quer — woicoi}
AlnA0
1
x eXP{§ > wixi(By — By) + wiier; — wizeni} X
AlnA0

1 _
X exp{§ E w1 X;(B1 — By) + wiie1; — wiix;(X5QoXo) 1X6Q0€0}>
AN A0

= exp{%(fq +%0)'(B1 — Bo)} x

xE <exp{;(w’1 +Ww(Dy, + W (Do — D)X (X[ Q1X1) ' X/Qu)ér} x
x exp{—%(v'vé + WDy, + W (Dy — Db)X(X()QOXO)lX’QO)éO}>
= ol + %) (B~ By)} x exp—5(0F — )} x ©3)
x exp{go (o + W) @y (o + W) + g10)}
x exp{goR (o + 1) Q™ (o + ¥1) + gou)}

Use has been made of @) with z = (¢, &) as before and t' = (1 (W} + Ww{D;,+w{ (Do —
D) X(X{Q1X1) ' X/'Q1), — 5 (W) + WDy + W) (D1 — Dy) X(X(;QoXo) ' X'Qo)). The
terms (wo +w1)' Q' (Wo +W1) = wiyD,Q; 'Dywo + 2w Dy Q; 'wi + Wi Q7 'wy and
(Wo +W1)' Qg (Wo +W1) = W Dy Q' Dypw + 2w Q' Dywi + wih Qg wy reflect sum
of squared index weights variably summated over the common or the whole set of
product varieties in the current and base periods.

The scalar g19 = [wy(Dp + Do)X + 2w X4 ](X1Q1X;) ' X/(Dg — Dy)Ww( may be in-
terpreted as a standardized distance between the base-period average characteristics
of the exiting product varieties (X'(Dy — D) W) and the weighted sum of the base-
period average characteristics of the resident varieties (w(D;X), the base-period av-
erage of all base-period varieties (WyD¢X = w(X() and twice the current-period
average of all current-period varieties (2w’ X;) in the space defined by the current
period characteristics. A similar but reverse interpretation holds for the scalar go; =
(Wi (Dp + D1)X + 2w) X)) (X[ QoXo) "X’ (D; — Dy)w. The scalars g19 and goiare
both zero when no entry or exit of product varieties occurs. In this specific case,
E(PE) is equal to the expected value of PC, E(PS) in (30) and to the hedonic in-
dex P in (I7) with x, = 3 (%1 +%o). Calculation of the variance of PZg is suspended.
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A least-squares based estimate PJ% of the matched-model price index P is ob-
tained by inserting the predicted hedonic prices YLS’M and YLS’Oi for all the prices in

@GI:
7)) 7)o\
() ) () )

= exp{%(fq + 5(O>I(BLS,1 - BLS,O)}

pM
PLS

The expected value of P}, can be determined as:
M 1. < \/
E(Prs) = eXP{§(X1 +%0)'(B1 = Bo)} x
1
xXE <6XP{2(X1 +%0) (X1Q1X1) "' X Que
1
&+ Xo)'(X6Q0X0)1X6Q050}>
1, _ _ 1
= exp{5 (%1 +%0)' (81— Bo)} x exp{—5 (o7 — 07)} x (35)
1
X GXP{ggf(il +%0)' (X1 QuX1) 7 (%1 + Xo)}

1
x exp{gag(il + %0)" (X, QoXo) " (%1 + %0)}

The moment-generating function () has been applied to calculate the expectation
term with z = (], €{)) and the vector t’ = (§(X1 + X0)’(X]Q1X1) ' X[ Qq, — 5 (X1 +
%0)' (X5 QoXo) ' X5Qo)-

The variance of P, can be determined as: V(P}%) = exp{(%1 + %0)' (8, — By)}
exp{—07 + o7 }x exp{}(X1 + o) (07 (X]QiX1) ™" + 03(X;QoXo) ") (X1 + Xo)} X
(exp{3 (X1 +%0) (0} (X1 Qi X1) ! + 03 (X5 QoXo) ™) (%1 + %o)} — 1).

Maximum-likelihood based estimators of P¢ and PM

In addition, maximum-likelihood can be used to estimate (I5) and to find the (ex-
pected) prices in (29) and (3I) as YML’M and YML,oz'- In light of BML = ,@LS + 0%
(12), these maximum-likelihood based price predictions can be written in terms of
the least-squares predicted prices as: Y1, 1; = exp{x/8,, Lif= exp{x,B; s1t301}=
Y1516 exp{30i}and Yarz.oi = Yis.0i exp{ 102}, Using these expressions, the maximum-
likelihood based price index P{;; can be reformulated in terms of the least-squares
based estimate PZ; as:

. . 1 5. L 5.
Pl = Pl x exp{ 103w (do — dy) — joiwi (i — dy)} (36)
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If the price relatives are equally welghted with wg; = 1/Np and wy; = 1/N;, then

PﬁL—PSxexp{4al( %3)—ia§(

and P{y are equal, when there is no entry or exit of product varieties, which makes

)} The two estimated price indices P$;

intuitively sense because in this situation no imputation is performed.
The expected value of P, is determined with the help of 38) and (33) as:

1 5.

100Wi(di — dy)} (37)
The variance of P$;; is related to the variance of PC as: V(PS,,) = V(PS) x
exp{iofw((do — dp) — $03W)(d1 — dp)}.

Furthermore, the unobserved expected prices of the matched-model price index P

. . 1,
E(Py;p) = E(Pfy) eXP{*U%W([)(do —dy) —

in (3I) can be estimated by the maximum-likelihood predicted prices giving P, .
As }A/MLJi = YLS,li eXp{%a%} and ?]\4[,,(”' = YLS,Oi exp{%og} fOHOWil’lg m]), P]]\\/fL can
be written in terms of the least-squares based matched-model index P} (34) as:

Pl = PR x exp5(0F - ob)} 9)
The expected value of PY/; is obtained via (35) and (38) as:
B = BB esp(5(0% — od)
= o5+ %) (B, ~ B) 39)

1
X eXp{gaf()_q + io)/(Xlllel)_l(}_(l + )_(0)}

1
X exp{gag(il + %0)" (X, QoXo) (X1 + %o)}

The variance of P}/, is equal to V(P ) = V(PM,) x exp{o} — 02}.

4.3 Bias factors associated with the estimation of P¢ and PM

The extent of the biases associated with the estimated composite and matched-model
prices indices, PSy, P, PPL and PJf,, depends on the specific price index selected
but also on the entity that is to be estimated P“ or P*. The combination of four
predictors and two predictands leads to 8 multiplicative bias factors defined as in
€D, @2), 28) and 26).

The bias factor B¢, s,c associated with the estimation of the composite price index P¢
with the least-squares composite index PS is defined as the ratio of the expected
values of the two quantities involved, (33) and (30):

E(PS)
BgS,C - E(PLg) (40)
L, L 5
= eXp{§U1g1o+§00901}
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If there is no entry or exit of product varieties and g10= go1 = 0, then Bf’q ;=1 and
PC is an unbiased estimator of E(PC). This is in fact a trivial case, in which imputa-
tion is not an issue: PCy = PC, even without taking expectations. The more relevant
question is of course whether E(P¢) in (30) really is the quantity to be estimated.

The corresponding bias factor associated with the use of the maximum-likelihood
based composite price index, Bf;; ¢, is found by relating the expected value of PG,

in 32) and E(P°) in (B0):

HC
Bine = ok @)

1 5. 1 5.
= Bisc % eXP{ZU%WB(do —dy) - ZU%W{(dl —dp)}
In the absence of market dynamics, dy = d; = d; and B},  is equal to 1 implying
that P$;; like PS is an unbiased estimator of E(PC).

In addition, the composite price index P¢ can be estimated with the matched-model
price indices P4 and P}/, , see 35) and (@), which involves bias factors B ,, and

B]?/[L,M:
Biow = S @)
= {5 (8 + %) (73 (X0 QoXo) ™! + 07 (XL Q X)) (1 + %))
x exp{—5 (W1 + o) (07Q ! + 0 Qg ) (9 + o))
BI?/IL,M = L;((sz\éL)) = BgS,M X eXP{%(U% - 0(2))} (43)

Calculation of the corresponding mean square errors of these estimators provides
insight into the relative efficiency of these estimators, but is left as a future exercise.
Moreover, the biases involved with estimation of the matched-model price index
PM with the least-squares based P}% and the maximum-likelihood based P}/, can
be expressed as multiplicative factors B} 5, and B}, ), obtained by dividing the
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expected values of P} in (85) and P}/, in (39) by that of P™ in B1):
E(PLS)
PM
1
= exp{—5(07 — o)} x (44)

M _
Brsv =

xexp{ (%1 +%0) (0 (X5 QXo) ™ + 7} (X} QX)) 31 + %))
BiiLy = %
= Blou X exp{%(gf —ad)} 45)
N eXp{é(il +%0)' (05 (X0 QoX0) ™" + o (X1 QuX1) ") (X1 + Xo)}

Finally, the matched-model index P can be estimated with the least-squares based
composite index P{g and the maximum-likelihood based composite index P}, which
gives rise to bias factors B} - and B},  determined in line with 33) and (7) and

@I as:

e B
LSs,C — P]W
_ IR N 1, 4
= exp{ 2(01 o5) + 801910+ 80'0901} X (46)
1, . . -~ R .
xexp{+ (Wi +Wo) (07Qr " +05Qy ") (Wi + Wo)}
BM _ E(Py;;)
ML,C — pPM

1 5. 1 5.
= Bl x exp{ohwh(do — dy) — JoBWi(di — dy)}

The next section briefly reflects on the various sources of the bias factors.

4.4 Bias implications

The various bias factors depend on five typical elements that each have a specific
influence on the size of the biases. These elements are:

e exp{i(c} — 02)}, which distinguishes the estimated P}/, in (38) from P} in
(4. It is part of the bias factors B, ,, in @3), B} ,, in @4, B}% ¢ in @6)
and Bjf; o in @). The nature of the bias, above or below 1, is not certain in
advance as it depends on the temporal difference between the error variances,

2 2
o1 — 0§.

o exp{io?wh(dyg—d,)— 203w} (d; —d,)}, which distinguishes the estimated P,
in (36) from P{ in (32). It is part of the bias factors B}, . in @I) and B}, . in
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(@7). It depends on the temporal difference between the error variances, 0% and
o8, corrected for the sum of base-period index weights of the exiting product
varieties and the sum of current-period index weights of the entering product
varieties.

exp{g(03g01+0%g10)} defined below (33), which is related with the imputation
of missing prices in the composite price index. It is therefore present in all bias
factors involving the estimated composite price index: Bf s - in @0), Bf;, ¢ in
@D, B} ¢ in @6) and Bjf;, o in @7). As g19 and go1 can be interpreted as stan-
dardized distances, which are positive by definition, this particular element of
the bias factors is always larger than 1.

exp{3 (X1 + %0)(03(X(QoXo) ! + 0(X]Q1X1)"1)(X1 + X0)}, which is asso-
ciated with (expected values of) the estimated matched-model price indices,
E(P}) in @35) and E(P}f,) in (39), and therefore part of the bias factors: Bf ),
in @2), Bf;;,  in @3), B}% , in @) and By, ,, in @). The argument of the
exponent can be interpreted as a sum of two squared standardized distances
and is accordingly always positive. The exponent causes an upward bias on
the corresponding estimated price indices.

exp{ L (W1 + Wo)'(02Q; ' + 03Qy ") (W1 + Wo)} is the exponent of the sum of
sums of squared weights weighted by the variances of the disturbances of the
hedonic models. It is part of the composite indices and absent for the matched-
model indices. It therefore affects all situations in which composite price in-
dices are applied to estimate P or matched-model indices are used to esti-
mate E(PY): Bfg ,, in @), Bf;, ,, in@3), B}% - in @) and B}, . in @D).
Being a sum of sum squares, this element has an upward effect on the bias
factors (depending on a possible different plus or minus sign associated with
it).

The second and third bias parts vary with the extent of entry and exit. If markets

are perfectly stable with no exiting or entering product varieties, then these bias

elements would be equal to 1 (that is, they have no effect on the bias). In this unique

instance, the estimated composite price indices Prs ¢ and Pyr, ¢ are equal to P,

and accordingly unbiased. The third, fourth and fifth bias parts are exponents of

sums of squares, which all have a positive influence on the total amount of bias

(unless accompanied with a minus sign). The size of these three bias elements cannot

be indicated in advance. The first bias part, is a familiar quantity, which is also part

of the biases associated with the estimation of P4 and PB. As before, the extent and

direction of this particular bias element depends on the performance of the hedonic
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models in time.

4.5 Some empirical results of the biases

The size of the various biases is again illustrated with an example of the price devel-
opments of new passenger cars in the Netherlands, 1990-1999. Referring to table 5
in[Van Dalen and Bodel (2004), table Blbelow shows the least-squares based chained
composite price index I PLCS (32) and table @ the least-squares based matched-model
index 1P}, (34). The indices have been obtained by using sales-volume weights in
the regression analyses and sales-value weights in the calculation of the indices. Con-
form the results in tables [Tl and [} the estimated quality-adjusted price indices are
seen to increase until 1993 or 1994 and to decrease thereafter. The matched-model
index is below the composite index in all years and ends at 1.03 in 1999, about 5
percentage points below the latter.

The maximume-likelihood based indices strongly deviate from the least-squares based
estimates. The chained maximum-likelihood based, matched-model index I P}/, re-
veals a 1999 quality-corrected price level that is about half the price level of new
passenger cars in 1990. This is in line with the results of P}, and IPJ, in tables
[l and 2] but has rather dramatic implications. Even in the case of the maximum-
likelihood based composite price index IPS;;, the estimated price index values are
below the least-squares based results I PS; and the quality-adjusted price level in
1999 is substantially (about 21%) below the 1990 price level.

The pattern of the bias factors observed in tables B and H is roughly the same is
that observed in tables [Tl and 2l The bias factors associated with the least-squares
based estimate of the composite price index I BgS,C in table Bl and those with the
maximum-likelihood based matched model price index 1B . in table @ appear
to be negligible. Conversely, the bias factors associated with the least-squares based
estimated of the matched-model index I 3%7 r in table @ and with the maximum-
likelihood based estimate of the composite index 1B 1c in table Bl are substantial.
The largest bias factors for both indices are observed in 1997, where I B ]L‘/[S M 1s equal
to 2.126 and IBY}, ., is equal to 0.766.

In addition, tables[3land @ present the bias factors associated with ‘wrongly” apply-
ing composite price indices to estimate the matched-model index P in B1), 1B}
and IBM 1o and with applying matched-model price indices to estimate the com-
posite price index P¢ in @3), IBY ,; and IBY;, ;. The outcomes suggest that the
bias involved with using the least-squares based matched-model index to estimate
PC¢, IBS ,, is negligible, while the biases associated with the other three combina-
tions are substantial. Using the composite price indices I P and TP, to estimate
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Table 3: Tornqvist-like composite price indices and bias factors

Year IPfs IBSsc 1P, IBSi,c IPY IBSsu IBSiLu
1990  1.000 1.000  1.000 1.000  1.000 1.000 1.000
1991 1.021 1.000  0.943 0.923  1.021 1.000 0.909
1992 1.065 1.000  0.954 0.896 1.065 1.000 0.774
1993  1.088 1.000  0.910 0.836 1.088 1.000 0.579
1994  1.093 1.000  0.890 0.814 1.093 1.000 0.563
1995  1.089 1.000  0.866 0.795 1.089 1.000 0.536
1996  1.080 1.000  0.846 0.783  1.080 1.000 0.514
1997  1.079 1.000  0.827 0.766  1.079 1.000 0.470
1998  1.079 1.000  0.830 0.769 1.079 1.000 0.487
1999  1.082 1.000  0.854 0.789 1.082 1.000 0.531

Table 4: Térngvist-like matched-model price indices and bias factors

Year IP}s IBiSs. IPyy, IBMp v IPM IBY. IBi,c
1990 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1991 1.025 1.100 0.932 1.000 0.932 1.100 1.016
1992 1.063 1.293 0.822 1.000 0.822 1.293 1.158
1993 1.079 1.726 0.625 1.000 0.625 1.726 1.443
1994 1.079 1.778 0.607 1.000 0.607 1.778 1.447
1995 1.063 1.866 0.569 1.000 0.569 1.867 1.484
1996 1.041 1.946 0.535 1.000 0.535 1.946 1.524
1997 1.038 2.126 0.488 1.000 0.488 2.126 1.630
1998 1.032 2.054 0.502 1.000 0.502 2.054 1.579
1999  1.030 1.885 0.546 1.000 0.546 1.885 1.487
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PM is seen to lead to systematic and substantial over-estimation, while the use of
the maximum-likelihood based matched model index I P}/, to estimate PC leads to
under-estimation.

5 Pooled hedonic indices

A related approach to the estimation of quality-adjusted price indices is based on
the repackaging theory of Fisher and Shell (1971). It amounts to estimating a hedo-
nic relationship using pooled information about prices and product characteristics
of two (or more) adjacent periods. The quality-adjusted price index estimate is ob-
tained as the (exponent of the) estimate of a dummy variable that identifies the con-
stituting periods. More accurately, let y; = X18; + €1, &1 ~ n(—30?¢1,011;), and
yo = X8y + €0, €0 ~ n(—%ogbm 021y), the matrix representations of the hedonic
equations (I5) with X; = (¢1,X,1) and X = (¢9, X;0) - the subscript r stands for
‘remaining characteristics’. The pooled hedonic model can then be written as:

1
y=din+XB8+e=Wn+e, €~ n(—502L,021) 47)

where the (N7 + Np)-vector y' = (y},y() contains the log-price information, X is
the stacked (N7 + Np) x (K + 1)-matrix with product characteristics X’ = (X}, X{)
(including the vector of 1’s in the first column), the (N7 + Ng)-vector dj = (¢},0')isa
dummy vector with 1’s for product varieties in the current period and 0’s for product
varieties in the base period. The (N; + Ny) x (K + 2)-matrix W = (d;, X) and the
(K + 2)-vector ' = (m, ") have been introduced to simplify further analysis. In the
pooled specification (47), 7 is the parameter of interest since exp{~} is the ratio of the
expected price levels in the two periods for a given set of product characteristics:

PP

exp{E (ylds = 1,x = x°) — E (3)ds = 0, % = x°)}
exp{m +x*'B - x*'3}
= exp{n} (48)

Comparing the pooled model @#7) with the hedonic relationships specified in [@5)
shows two important restrictions: 8 = 8, =3, and ¢? = o} = 03. The first restriction,
B = B, =B, states that in the pooled model the effects of quality on prices are as-
sumed to be the same in both periods. The assumption is usually evaluated with a
multiple F-test; seeHalll (1971) for an early example, and [Berndt, Griliches and Rap-
paport (1995) for recent applications. A practical implication of the restriction is that
a main source of bias in the various hedonic price indices, the part related with the

34



differences between 8, and B, is non-existent by assumption. The second restric-
tion, 0 = o} = 03, means that the amount of unexplained price variation among
product varieties within each period is the same. The assumption is rarely explicitly
tested ® The implication of the restriction again is that an important source of biases
in the hedonic price indices, related with the difference between o? and o3, is set
aside by assumption. In light of these assumptions, it is obvious to expect that the
amount of bias observed for the pooled hedonic price index is smaller than the biases
observed for the various hedonic indices.

The parameter 7 can be estimated unbiasedly by the first element 7 of the least
squares estimator 7) = (W'W)"'W'y = 5 + (W'W)~!'W'e. The estimator of the
quality-adjusted price is exp{#}, which has expected value exp{m + 10%,}, where
0?, is the first element of the estimated covariance matrix 02(W’W)~! as explained
below (). The multiplicative bias factor BY associated with the pooled estimation of
the quality-adjusted price change, exp{~}, is therefore equal to:

1
BY = exp{§0%1} (49)

The size of this bias can be assessed by elaborating the variance-covariance matrix
of 1, which, following the partitioning of W = (d;, X), reads as:

—1 -1
d'd, d'X N X
2 -1 141 1 1 1421
(W'W)™ = ( X'd, X'X ) - ( X XX+ XX > (50)
1 11 181+ XA

The first diagonal element of this matrix can be determined with the rules for invert-
ing partitioned matrices as:

1 1 1
ot = 0t o X (G X Xa - XX - XiXo) " X
1
1 1
= 0 — + 0 LU X (XM X + X(Xo) M X1 (51)
N N?

with M =I; — ¢t} /N7 an idempotent (NV; x Np)-matrix. Since X = (¢1,X,1) has a
vector of 1’s in the first column, the (X + 1)-matrix X} M;X; is block diagonal with
a K-matrix X/, M;X,, in the right corner and 0’s otherwise. The (K + 1)-matrix
(XM X + X, X)~! can therefore be written as:

(52)

-1
N, IXT
(};llMlj(l }(6)(0)71 = < 0 Lo 0 >

Xloto XiiM;X,1 4+ X Xp0

5An extension to the model @8) might be to relax the assumption that 02 = 0 = 62 somewhat by

letting 07 = o2exp{c x di,;} for all i in the sample. The multiplicative constant ¢ can be estimated by
é = (d’1d1)*1d1v, where v is the vector with the natural logarithms of the squared residuals from the
least squares regression of (7).
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Again applying the rules of matrix inversion to (52) and substituting the result into
(1) gives the desired expression of 0%;:

1 1 _ _ 1, _
O'%l = 0'2F + UZF + (Xrl — X.,-O)/(X{,.lMlX»,nl + X;.OM()XT()) 1(XT1 — XrO) (53)
1 0

with My = Iy — ¢ot(/No an idempotent (Ny x Np)-matrix. Accordingly, the bias fac-
tor BY = exp{30%,} in [@9) associated with the pooled approach is always larger
than 1 (0%, is always positive) and depends on two factors: the amount of within-
period price variation and the amount of technological progress. The impact of the
unexplained price variation o2 diminishes with the sample size: in larger samples
the bias resulting from imperfectly explaining hedonic model 7) is less than that in
smaller samples (all else equal). The impact of technological progress depends on the
situation at hand. If there is no progress at all, such that the average product charac-
teristics in the two periods are close (X1 = X;), then the bias factor B Pis relatively
close to 1 (¢}, close to 0) and the bias is small. However, if technological changes in
the industry are relatively large, then the averages of the product characteristics will
differ from period to period and the bias will be comparatively large (BY > 1). Thus,
there exists intuitive correspondence between the sources of bias variations between
the pooled and other hedonic estimators of quality-adjusted price changes, despite
the substantial technical differences between the various approaches.

Table 5: Summary of pooled hedonic index and bias factors

Year N, 62 R* IPFs PPy 690 IBEg

1990 . . . 1.000 . . 1.000
1991 4086 1939 0932 1.023 1.023 0.004 1.000
1992 4670 1714 0935 1.052 1.028 0.004 1.000
1993 5151 1.221 0940 1.061 1.008 0.003 1.000
1994 5846 0926 0943 1.057 0.996 0.003 1.000
1995 6377 0.824 0945 1.037 0981 0.003 1.000
1996 6978 0.744 0944 1.009 0973 0.003 1.000
1997 7581 0.611 0947 0.998 0989 0.002 1.000
1998 7582 0.566 0951 0.989 0991 0.002 1.000
1999 6634 0.684 0952 0982 0.993 0.002 1.000

A practical example of the bias associated with the pooled hedonic index is given in
table[5] which is again based on estimation results presented in[Van Dalen and Bode
(2004). The first three columns summarize the performance of the bi-annually pooled
regression models, while I P[; represents the pooled hedonic index determined by

36



chaining the successively estimated P}y = exp{7}. The estimated index closely re-
sembles the results for the least-squares based Laspeyres and Paasche-like hedonic
indices, PL& r and [ PL& p discussed before: quality-adjusted prices increase until
about 1993 and decrease afterward; they end at a quality-adjusted price level slightly
below that in 1990. More interesting, is the estimated bias factor / B Ls,p obtained by
chaining the exponent of the squared standard error of the time dummy exp{53,}.
The influence of the bias factor appears to be negligible differing from 1 only in the
fifth decimal. This may seem a highly attractive result, but it should be born in mind
that it is obtained only after imposing the relatively restrictive conditions explained
before. Moreover, there is no guarantee that the result carries over to other hedonic
analyses as well.

6 Summary, results and concluding remarks

This study has reviewed the consequences of the estimation bias associated with
the estimation of log-linear hedonic models for the construction of quality-adjusted
hedonic price indices. Basically, the estimation bias is due to a mismatch between
a legitimate desire to unbiasedly predict the (non-transformed) prices of product
varieties and the commonly applied zero-mean assumption in the hedonic regres-
sion model explaining log-linearly transformed prices in terms of the quality char-
acteristics of product varieties. Least-squares based price predictions are biased by a
multiplicative factor exp{—40?} associated with the expectation of the disturbance
term of the hedonic equation and a factor exp{3c2h, } associated with the presence
of a variance term in the expected value of the predicted (non-transformed) prices.
Maximum-likelihood based price predictions are only affected by the latter bias fac-
tor, which is usually quite small.

The impact of the estimation bias has been analyzed for various hedonic price in-
dices, which vary with respect to: (i) the kind of imputation employed (complete
imputation or imputation of missing prices of entering and exiting product varieties
only); (ii) the definition of price indices as an expected value of price relatives or as
a relative of expected prices in successive periods; (iii) the construction of price in-
dices in either a Laspeyres- or Paasche-like fashion or in a superlative Térnqvist-like
manner; (iv) and the use of annual or pooled estimation results. Also, attention has
been paid to the role of weighting, both weighting as part of the estimation proce-
dures employed and weighting as part of the price index construction. The practical
relevance of the theoretical implications have been illustrated with an example of
car price developments of new passenger cars sold in the Dutch market during the
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period 1990-1999; see|Van Dalen and Bode/ (2004).

Results
Various results have been obtained, some of which are highlighted below:

e Hedonically estimated quality-adjusted price indices. Hedonic price indices
have been defined as: (i) the expected value of the ratio of the price levels
of some reference product (P2); and (ii) the ratio of the systematic parts of
the price-characteristics relationships of a typical variety (P?). Both the least-
squares or maximum likelihood estimation lead to biased estimators of both
PA and PP. The derived bias factors show that the maximum-likelihood based
hedonic index usually is an adequate measure, especially in larger samples,
while the adequacy of the least-squares based hedonic index depends on the
size and temporal stability of the variances (02 and o7). Interestingly, a high
explanatory power of the hedonic regressions is not a sufficient condition to
prevent biases to occur, and not even a necessary condition to cause biases not
to occur.

The empirical example demonstrates that the (weighted) least-squares (Lasp-
eyres and Paasche) price indices Pyyg are practically unbiased estimators of
P4, but are extremely upward biased estimators of PZ. In the latter instance
the (Laspeyres) bias factor B, s,z 15 1.893 in 1999 indicating that the estimated
price change is about twice as much as should be. The outcomes for the maxi-
mum-likelihood based (Laspeyres and Paasche) estimators Py, are almost re-
versed: these indices appear to be almost unbiased when estimating PZ, but
are substantially biased when estimating P*. The main source of the biases ap-
peared to be the factor exp{1 (o7 — o?)}, whose estimates vary between 0.747
in 1993 and 1.080 in 1999. The biases were therefore largely due to the dynamic
performance of the hedonic regressions: the mean squared errors 67 revealed
considerable variation in time causing the least-squares and maximum likeli-
hood based price indices to diverge. In all, the results demonstrated the impor-
tance of explicating the object of estimation (P or PP) as well as of properly
estimating the hedonic relationships.

e Composite and matched-model quality adjusted price indices. In this case,
sales-weighted, geometrically-averaged Tornqvist-like indices have been used,
in which the price relatives are either partially imputed when missing (lead-
ing to the composite price index PY) or wholly represented by their predicted
values based on hedonic models (leading to a matched-model hedonic price
index PM). The extent of the biases associated with the estimated composite
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and matched-model prices indices depends on the specific price index selected
as well as on the entity that is to be estimated P¢ or PM.

The various bias factors appeared to depend on five typical elements that were
discussed in section 4l One of these bias elements (exp{1 (7 — o?)}) is also
part of the biases associated with the estimation of P4 and PZ. As before,
the extent and direction of this particular bias element depends on the perfor-
mance of the hedonic models in time.

The size of the various biases was again illustrated using the car price de-
velopments example. Least-squares based matched-model and chained com-
posite price indices were obtained using sales-volume weights in the regres-
sion analyses and sales-value weights in the calculation of the indices. The
matched-model index was below the composite index in all years and ends
at 1.03 in 1999, about 5 percentage points below the latter. The maximum-
likelihood based indices again strongly deviated from the least-squares based
estimates. Even in the case of the maximum-likelihood based composite price
index IP$;;, the estimated price index values were below the least-squares
based results 1 P{y and the quality-adjusted price level in 1999 was substan-
tially (about 21%) below the 1990 price level. The pattern of the bias factors is
roughly the same as observed for the hedonic indices.

Pooled hedonic price indices. Pooled estimation of the hedonic relationship uti-
lizing information about prices and product characteristics from two (or more)
adjacent periods yield quality-adjusted price index estimates as the (exponent
of the) estimate of a time-dummy variable. This approach implicitly assumes
that the effects of quality on prices are the same in both periods, and that the
amount of unexplained price variation among product varieties within each
period is the same. The restrictions imply that two important sources of biases
in the hedonic price indices, viz. the parts related with the differences between
B, and 3, and the difference between o7 and o3 in (I5), are set aside by as-
sumption. In light of these restrictive assumptions, it is obvious to expect that
the amount of bias observed for the pooled hedonic price index is smaller than
the biases observed for the various hedonic indices. This was confirmed by the
car price development example.

Weighting. Weighting plays a role both in estimating the parameters of the he-
donic model and in constructing the price indices. The impact of weighting
as part of the regression procedure depends on the objective of the weighting
scheme. In our study the purpose has been to take varying sales volumes of
product varieties into account. This has obvious consequences for the variance
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of the disturbance term, but has no effects its expected value. This would def-
initely not be the case when weighting is applied to cope with varying price
heterogeneity (heteroscedasticity ) between product varieties.

In the case of the composite and matched-model price indices, the weights used
in the calculation of the price indices have been considered to be non-random
and to have no impact on the interpretation of the prices included. The first as-
sumption reduces the complexity of the analysis (sales-weights involve a price
component that is itself subject of analysis) and the second assumption is re-
quired to avoid inconsistencies between the interpretation of the prices implied
by weighted regression (section 3.4) and that of the prices used in the price in-
dex.

Limitations

Our analysis has made various assumptions that proved to be convenient, but which
have not been evaluated and consequently are subject of future exploration. The
following assumptions are mentioned explicitly:

e Throughout it is has been assumed that log-transformed prices are normally
distributed. The assumption is necessary to arrive at analytical expressions for
the size and scope of the biases. Changing the assumed distribution of the dis-
turbances will also affect these bias expressions. However, the main source of
the estimation bias is the inconsistency between the conditions that both log-
prices and non-transformed prices should be unbiased, which is a somewhat
different issue than that covered by the normality assumption.

e Random deviations from the hedonic models in two successive periods have
been assumed to be independently distributed. This assumption is widely im-
posed in applied work, but it may not be considered plausible. We did not
test the independency, and have not presented empirical evidence of the con-
sequences of allowing for non-zero correlations. At the same time, our frame-
work is general enough to allow such testing if considered appropriate.

e Expected prices of entering or exiting product varieties are assumed to satisfy
the price-characteristics structure implied by the hedonic models. This is of
course a quite common assumption, but alternative views such as a reservation

price approach would definitely give different results.
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Concluding remarks

The role of the bias associated with the use of log-linear hedonic models may be large
or small depending on the situation at hand, but the general impression gained from
the analysis is that it can not be considered negligible a priori. It is recommended,
therefore, that applications of the log-linear model for the construction of quality
adjusted price indices are accompanied with estimates of the bias.

Moreover, the fact that different estimation methods affect different types of price in-
dices in different ways, stresses the importance of transparent communication about
which price index estimate has been obtained with which method to estimate the
hedonic model, and ideally also of presenting the results of some sensitivity analy-
sis involving different combinations of estimation method and type of price index
selected.
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