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Abstract

We extend the nonparametric methods developed by Samuelson (1948),
Houthakker (1950), Afriat (1967), Diewert (1973) and Varian (1982, 1983,
1984) to consumer characteristics models. We derive the minimal neces-
sary and sufficient empirical conditions under which data on the market
behaviour of heterogeneous, price-taking, individual consumers are non-
parametrically consistent with the consumer characteristics model (Gor-
man (1956), Lancaster (1966), Muellbauer (1974)). Where these condi-
tions hold, we show how information may be recovered on individual con-
sumer’s marginal valuations of product attributes. Where the conditions
fail we highlight the role which the introduction of unobserved product
attributes can play in rationalising the data. We apply these ideas to
consumer panel data on the Danish milk market.
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1 Introduction

The idea that consumers have preferences over the characteristics of market
goods is central to much applied microeconomic work on price indices, quality
change and product market innovation. The contribution of this paper is to
make this idea nonparametrically testable, and to develop methods which will,
if the data are indeed theory-consistent, reveal features of consumers’ prefer-
ences over product attributes without the need for any assumptions regarding
functional form or the extent or form of preference heterogeneity.

We extend the methods developed by in the literature on nonparametric
testing! to consumer characteristics models. We derive the minimal necessary
and sufficient empirical conditions under which data on the market behaviour of
heterogeneous, price-taking, individual consumers are nonparametrically consis-
tent with the consumer characteristics model (Gorman (1956), Lancaster (1966),
Muellbauer (1974)). Where these conditions hold, we show how information
may be recovered on individual consumer’s marginal valuations of product at-
tributes. Where the conditions fail we highlight the role which the introduction
of unobserved product attributes can play in rationalising the data. We apply
these ideas to consumer panel data on the Danish milk market.

2 Necessary and sufficient conditions for char-
acteristics models
The pure consumer characteristics model supposes that preferences have the
following structure
u(q) = v(z)
/
z = z(q)=[z'(q),...27 (q)]

where q is a (K x 1) vector of quantities of market goods, z is a (J x 1) vec-
tor of the levels of various product characteristics produced by those market
goods, and u (q) and v (z) are utility functions defined over market goods and
characteristics respectively. The consumer choice model is

max v (z) subject to z =z (q) and p,q < x¢
q

We ask, given a dataset {ps,qs,2¢},_; r, when are these data rationalisable
by the characteristics model? To make clear exactly what we mean by “ratio-
nalises” we have the following definitions.

Definition 1. A utility function u (q) g-rationalises the data {ps, qr},—; , if
u(q) > u(q) for all q such that p;q; > p;q.

Definition 2. A utility function v (z) z-rationalises the data {p¢, qs,2¢}, 1
if v(z) > v (z) for all z such that z =z (q) and p,q; > p;q.

LSamuelson (1948), Houthakker (1950), Hanoch and Rothschild (1972), Afriat (1967),
Diewert (1973), Diewert and Parkan (1978) and Varian (1982, 1983, 1984).



The first definition is simply the statement of the principle of revealed prefer-
ence, the second is the equivalent principle in the characteristics context where
there are additional constraints in the form of the characteristics’ production
functions.

2.1 The linear characteristics model

The most typical version of the consumer characteristics model is one in which
z is a linear function z = A'q where A is (K x J) matrix of constants with full
column rank: rank(A) = J.

Theorem 1: The following statements are equivalent.

(U) there exists a wutility function v (z) which is continuous and concave in
characteristics and where z = A’q where the matrix A is known, which z-
rationalises the data {p¢, qs, Zt}’t=1,...,T~

(A) there exist numbers {Vi, Ay > 0, 71',;}t=17m’T such that

Vs <Vi+ My (zs —2¢)  forall s,t=1,...T (A1)
p, > m, A’ with equality when qf >0 for all t =1,...,T (A.2)
(GQ) the data {m:, 2 }t=17._’T pass GARP for some choice of w; such that p} >

/
LA

Since the linear characteristics model is a special case of the standard preference-
for-market-goods model, we have the following corollary.

Corollary 1: If there exists a utility function v (z) with z = A’q which z-
rationalises the data then a utility function u(q) = v (A’q) also exists, is con-
cave, and g-rationalises the data.

2.2 The non-linear characteristics model

Here we consider the non-linear characteristics model in which the character-
istics levels are concave functions of market goods (z = z(q)), and utility is
non-decreasing in characteristics. In what follows we suppose that the Jacobian
Vz(q,) is known.

Theorem 2: The following statements are equivalent.

(U) there exists a wutility function v(z) which is non-decreasing, continuous
and concave in characteristics and where z = z(q) s a concave function and
where the Jacobian matriz Vz(q.) is known, which z-rationalises the data

{Pt,Qt,Zt}t:L_,}T-
(A) there exist numbers {Vi, A\¢ > 0,7}, such that

Ve <Vi+ Nmwy(zs —z¢)  forall s,t=1,...,T (A1)
Az, < Aq,p; for all s,t =1,...,T (A.2)
where Axy denotes [(X1 — X¢) ..., (X7 — X¢)] -



(GQ) the data {m;, 2 }t=17._’T pass GARP for some choice of w, such that p} >
™ Vz(q).

As before we have a corollary which relates the non-linear characteristics model
to the more general preferences-for-market-goods model.

Corollary 2: If there exists a utility function v (z) with z = z(q) which z-
rationalises the data then a utility function u(q) = v (z(Q)) also exists, is con-
cave, and g-rationalises the data.

2.3 Unobserved characteristics

We first consider a case which could be interpreted as one in which only a sub-set
of product characteristics are observed. Suppose that the data {p;, qt}t:l,...,T
passes GARP, but that the conditions for z-rationalisation are not met when
we consider the observed set of characteristics {Zt}t=1,...,T- There exists no
characteristics model consistent with these characteristics which can rationalise
the data, but, it seems that we can always invent some new characteristics such
that the augmented “data” is rationalisable. We will concentrate on results for
the linear characteristics model and make use of the following Lemmas.

Lemma 1. The following statements are equivalent:

1) The vector equation p; = Am; has a unique solution for m, given by
m = ATp; where At is the Moore-Penrose inverse of A.

2) rank{A : p,} = rank{A} = J.

Lemma 2. GARP for the data {ps, i },—; _, and the condition rank{A : p,} =
rank{A} for all t, together imply the existence of a utility function v (z) which
z-rationalises the data.

This is an alternative condition for z-rationalisation of the linear model which
applies when the consumer either consumes all goods in all periods or is on the
point of doing so (in which case the inequality in condition (A.2) in Theorem 1
becomes an equality and the rank condition in Lemma 1 implies the existence
of 7, which satisfy it). We now consider the role of unobserved characteristics
and have the following result.

Theorem 3: If the data {p:, qt}t:l,...,T pass GARP then we can always define,
at most, min {K, T} pseudo-characteristics in addition to the observed ones,
such that there exists a utility function which z-rationalises the augmented set
of characteristics.

The key to this result is to notice that for any A matrix and (KX x T') matrix
P = [pi,...,pr| matrix we can choose a (J x T) matrix Il = [my, ..., 7] such
that that
P=AIl+E

and rank{A:E:P} = rank{A :E}. As long as IT is such that this rank
condition holds it may be chosen arbitrarily — a straightforward way in which to
guarantee the condition is to set I = ATP and then ELA but simple random



number generation for IT is also very likely to work. We have two equivalent
formulations:
II II
P_[A.E}{IT] or P_[A.IK][E]

both of which may be written L

P=AIl
where A is the augmented A matrix in either case and II the augmented IT
matrix. In both cases we have

rank {K : P} = rank {K}

The two equations are obviously equivalent but they bear two different inter-
pretations. The first introduces T" new characteristics for each good which are
specific to the consumer and which have a marginal valuations of one every-
where. The second introduces K market-good-specific dummy characteristics
with corresponding marginal valuations given by E. Clearly the two interpre-
tations are informationally equivalent and either way E is not identified by
anything other than the initial method of choosing IT. We can therefore add
the lesser of K or T new characteristics and, since we have the necessary rank
condition, Lemma 2 applies and we can z-rationalise these “data” on the basis
that, for any goods which the consumer does not presently buy, they are just
indifferent between purchase and non-purchase.

We now consider the case in which no characteristics are observed at all. In
the linear case this is equivalent to having an unknown transformation matrix
A. In such a case we may wish to test whether there is any linear characteristics
model that could be z-rationalisable with some given data {p¢,q¢},—; . We
have the following theorem:

Theorem 4: There exist characteristics zz = A'q; and a non-trivial charac-
teristics model, in which all goods are either bought or on the verge of being
bought, which z-rationalises the data {Pt:%}t:l,,_j if and only if the data
{pt;a},—; o pass GARP and rank{P} < K.

This means that if the rank of the price data is less than the number of
goods, then we can construct a technology matrix and corresponding pseudo-
characteristics such that the “data” {pt,qt,zt}t=17...’T are rationalisable. By
“non-trivial” we mean a characteristics model with fewer characteristics than
goods. It is clear that rank{P} can never be more than K and so if we were
to allow J = K we could trivially set A to be the identity matrix and then
Theorem 4 collapses to testing whether the data {p:,q:},_; r pass GARP
(or one of the equivalent standard Afriat-Diewert-Varian con({itfons).

3 Practicalities

The conditions given in, for example, Theorem 1 for a linear characteristics
model are difficult to implement. For condition (G) we need to find the shadow
prices to implement the GARP test and there is no known algorithm to do this



in a finite number of steps?. The two conditions in (A) look more promising
since they appear to have the form of the constraints in a linear programming
problem. The problem is that there is a strict inequality (A > 0) and also that
they contains products of unknowns (in this case the A;’s and the m;’s). It
turns out, however, that we can give an alternative set of conditions that are
equivalent to (A) in Theorem 1 that do take a standard form. We have:

Theorem 5. The following statement is equivalent to condition (A) in Theorem

1. There exist numbers and vectors {f/t, A\ > 1,7, such that
t=1,...,
Ve <Vi+ 7 (25 —2z) forall s,t=1,.,T (A.1%)
\epe > A7, with equality when ¢f >0 for all t =1,..,T (A.2%)

These conditions are now in standard linear programming form in the sense
that the unknowns enter the constraints linearly, given prices, levels of char-
acteristics and the matrix A. Thus they can potentially be checked using any
algorithm which is designed to find a feasible solution for a linear programming
problem in a finite number of steps. Condition (A) in Theorem 2 can similarly
be recast as a linear program. Nevertheless, it should be pointed out that in
large problems (many goods, characteristics and observations), though this ap-
proach will yield a result in finite time, that time might still be rather long.
It should also be noted that whilst this approach will recover a feasible set of
marginal valuations® these are by no means necessarily unique. Under some
circumstances, however, the practicalities involved in testing the conditions in,
for example, Theorem 1 are more straightforward, faster and will recover unique
values for the consumer’s marginal valuation of characteristics. The conditions
in Theorem 1 allows for non-purchase of market goods. For those market goods
which are bought, (A.2) holds with equality. Denote the sub-vector of prices in
period ¢ for goods where ¢F > 0 by p; and the corresponding reduced A matrix
by A. Then p: = Aﬂt and we have the following result.

Theorem 6. If mnk{;& : f)t} = mnk{;&} and rows(py) > J then 7, = K?‘ﬁ

where AT is the generalised Moore-Penrose inverse of A.

Under these circumstance then, the marginal valuations may be recovered
exactly for some, or possibly all, observations. If a full set of 74 vectors can
be recovered, the condition (G) then becomes the quickest and most straight-
forward way to conduct the test. In any case the 7r; vectors are likely to be of
prime interest in any applied work.

So far we have assumed that prices are always observed. This is a very
typical assumption but is rarely true in practice. A much more usual situation
is one in which prices are observed for the goods which the consumer buys, but

2The computational problem is akin to that encountered in revealed preference tests of
weak functional separability (see Varian (1983)).
3In the proof of Theorem 4 we define Ay = ﬁ and 7y = m?;—?f\} where A =

{At},_1 o and hence given feasible Ay and vy terms we have a feasible 7wy = 7r¢/A¢.
=1,...,



not observed for those goods which he/she does not buy. In this situation it
often becomes difficult or impossible* to test models nonparametrically. The
specific problem lies in condition (A.2) in Theorem 1. We now partition the
price data and the corresponding rows of the A matrix in to two part. For the
observed prices denoted with a superscript o (for observed, i.e. those for which
q¥ > 0) condition (A.2) requires

p? = Aoﬂt
whilst for the missing prices (denoted with a superscript m for missing)
p/' > A"my,

If pi™ is unobserved there is no way to implement this part of condition (A) in
Theorem 1.

One possible procedure is to impute the missing values. The problem with
such imputation is that if we then reject the characteristics model we are unsure
whether the rejection is a genuine rejection or simply that we have the wrong
imputed price. Instead we might prefer a procedure which searches for values for
the missing prices so that the constructed data satisfy the necessary conditions.
We have the following result

Theorem 7: The following statements are equivalent.

(U) there exists prices {p{"},_,  and a utility function v (z) which is contin-
wous and concave in characteristics and where z = A'q where the matriz A is
known which z-rationalises the data {[p;’,pm/ , qt’zt}t=1,...,T'

(A) there exist numbers and vectors {Vy, Ay > 0,7y, my},_; ., such that

V, < 17}—&—7?; (zs —z¢) forall s,t=1,...,T

Apl > ARy forallt=1,..,T
m; = A", forallt=1,...T

This is clearly a weak test (which is just a special case of Theorem 6 if all the
goods are bought) in the sense that the test on data in which all prices are
observed (even if some quantities are zero) implies the conditions in Theorem
7, but not the other way around. The obvious interpretation of mf is that it
represents the marginal utility for good k in period ¢ normalised by the marginal
utility of income. In practice this linear programing approach, though still finite,
may be very burdensome computationally.

4 Application

In this section we apply some of the ideas outlined above to data on purchases of
(cow’s) milk in a Danish consumer panel. The data cover 2,500 families during

4The problem arises whenever inner products like p;qs involve missing prices (for example,
if the price of the Kth good is not observed in period ¢ because it wasn’t purchased, but is
purchased in period s). Of course if a good is never bought it does not affect the test.



1999 and 2000. The data are monthly and report the quantities purchased and
the prices paid for each type of milk. We concentrate on the 6 main types of milk
(and drop buttermilk and flavoured milks) which differ according to fat content
and conventional/organic production methods. Table 1 below shows the market
shares by value and volume of these goods in our data. Overall conventional
milk commanded the majority of the market with a share of about 75% on both
measures, and semi-skimmed milk is the most popular type by fat content with
nearly 60% of the market by both measures. This is mainly due to the pattern
of conventional milk sales; within the organic segment of the market, skimmed
and semi-skimmed have equal shares.

TABLE 1. Market shares

Conventional milk Organic milk
Market share (%) 3.5%  1.5%  01%  35% 1.5%  0.1%
fat fat fat fat fat fat
By value 14.68 45.79 14.16 4.00 10.72 10.64
By volume 13.656  49.26  15.54  3.03 9.16 9.36

Table 2 gives some descriptive statistics on the prices of the different types
of milk in krona-per-litre. Organic milk is more expensive than conventionally
produced milk by roughly 1.20 krona/litre, and within the organic/conventional
split there is a clear gradient with respect to fat content: the higher the fat con-
tent the higher the price with a price difference of roughly 1krona/litre between
high-fat and skimmed milk.

TABLE 2. Prices

Conventional milk Organic milk
Prices (krona/litre) 3.5% 1.5%  01%  3.5% 1.5%  0.1%
fat fat fat fat fat fat
Mean 6.11 5.34 5.09 7.34 6.51 6.30
Median 6.00 5.30 5.00 7.31 6.50 6.27
Std. Dev. 0.62 0.56 0.31 0.38 0.33 0.23
cov® 0.1007 0.1043 0.0614 0.0512 0.0509 0.0365

The characteristics model we have in mind for these data has K = 6 market
goods, and J = 3 characteristics. These are listed in Table 3.

TABLE 3. Market goods and characteristics

Market goods Characteristics
Conventional milk, 3.5% fat “Milkiness”
Conventional milk, 1.5% fat Fat content

Conventional milk, 0.1% fat  “Organic-ness”
Organic milk, 3.5% fat
Organic milk, 1.5% fat
Organic milk, 0.1% fat
K=6 J=3

. B .
? Coeflicient of variation



In what follows we test and apply the linear version of the characteristics
model where ~ _
Milkiness Fat Organic

1 3.5 0

1.5
0.1
3.5
1.5
0.1

—_ = = e
— = =0 O

The first characteristic is is the baseline characteristic common to all products
in this market — we have termed it "milkiness". Fat content is measured in cl’s
per litre and is linear with respect to market goods - if one buys two litres of full
fat milk then it will contain 7cl’s of fat by volume, a litre of skimmed and a litre
of semi-skimmed together produce 1.6¢l’s of fat by volume. The interpretation
of the organic/conventional characteristic is less straightforward. It is measured
by an taking the value 1 if the organic characteristic is present, and 0 if it
is not. Whenever the organic characteristic represents (perhaps a warm glow,
perhaps the absence of antibiotic residues in the milk) this specification of the
technology says that twice as much of it is produced by buying 2 litres of milk,
than is produced by 1 litre — which is not to say, however, that the consumer
then values it twice as much. This may not make complete sense, but if it is
inconsistent with the data, then we should get a large number of rejections of
the linear characteristics model, if not then this is a feature of an admissible
characteristics model.

TABLE 4. Testing procedures and results

Test 1
3 u(a)
7 N
Pass Fail
1766 (71%) 734 (29%)
l
Test 2
3 v(z)
7 N\
Pass Fail
1676 (95%) 90 (5%)
!
Rank
7, =Atp,
7 AN
Applies N/A
1198 478

For each family in of our sample of 2500 we first test GARP on their in-
dividual {ps,q¢},_; r data to see whether there exists an admissible utility
function u (q) defined over products which rationalises their individual behav-
iour; for those where a suitable u (q) exists we apply the linear programming
condition in Theorem 1 to test whether their {p¢, q¢,2:},_, , data canbera-
tionalised with the rank-3 linear characteristics model describe above. Of those



households whose behaviour does not reject this characteristics model and for
whom an exact solution for their implied marginal valuations is possible we solve
the simultaneous equation system involved and recover the 7, vectors. The test-
ing procedure and the results are summarised in Table 4. Of the original sample
of 2500 families, 1766 or 71% pass the GARP test and so we conclude that there
exist utility functions which can g-rationalise their individual purchases of mar-
ket goods, given the prices they face. For the remainder (29% of the sample),
there exist no data-consistent utility functions defined over market goods, and
since the characteristics model with J < K is a special case of the general max-
imisation model, there is no characteristics-based utility function which can
rationalise their individual behaviour either and we set them aside. For each of
the remaining 1766 households, we run the linear programming test of the linear
characteristics model. Of these households 1676 (95% of the surviving sample,
or 67% of the original sample) satisfy the conditions so we know that there ex-
ist individual characteristics-conditioned utility functions which can rationalise
their purchases of market goods and the rank-3 characteristics bundles. The 90
households which do not satisfy the condition (5% of the remaining sample) are
set aside.

The linear program which provides the test of the characteristics model only
indicates the existence of Afriat numbers and vectors of marginal valuations of
characteristics which satisfy the conditions for the model; it does not recover
them uniquely. For 71% of these households (1198 in total) unique solutions for
the w—vectors can be derived as these households are observed to buy multiple
varieties of the market goods on at least one occasion. For these households
we solve for 7r; in each period where a solution can be obtained. Note that
we may not be able to solve for all of the elements of 7, in every case as this
will depend on the standard rank/order requirements for simultaneous equation
systems. Overall we are able to recover characteristic valuations for 1198 house-
holds. For the milkiness characteristic we recover 6888 valuations, for fat 5113
valuations and for the organic characteristic 2281. Figure 2 illustrates the den-
sity of the distributions of these marginal valuations for each of the measured
characteristics; milkiness, fat content and organic-ness. Table 5 reports some
descriptive statistics for each characteristic.

FIGURE 1. The densities of the distributions of marginal valuations of
characteristics
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TABLE 5. Descriptive statistics of recovered marginal valuations, krona

Percentile Points
Mean 10%h  25th  50th 75th 9oth Std err n
Milkiness  5.02 3.86 4.80 5.00 544 6.15 1.01 6889
Fat 0.33 0.00 0.18 0.29 041 0.8 0.46 5687
Organic 099 -050 044 1.19 1.50 2.56 1.21 2744

On average milkiness has a valuation of just over 5 krona per litre with
each additional cl of fat content increasing the valuation by 0.33 and organic
attracting a premium of nearly 1 krona. The valuations of the milkiness and
the organic characteristic are evidently highly heterogeneous, whilst the valu-
ations of fat are less so. Milkiness always has a positive marginal valuation,
however, there are some negative valuations for the other characteristics. In
the case of fat 10% of valuations recovered are negative. In the case of organic
17% are negative. These negative marginal valuations do not conflict with the
theory and are not inconsistent with the idea that the consumption of market
goods has non-negative marginal utility overall. There are 1542 cases (involving
475 different households) in which we recover all three characteristic valuations
simultaneously and using these we can construct a joint density of the distrib-
ution of (milkiness, fat, organic)®. Two dimensions (fat,organic) are illustrated
in Figure 2 below.

FI1GURE 2. The joint density of the distribution of marginal valuations of fat
and organic

)

fat, krona

organic, krona

There appear to be three distinct groups of preferences: one small group (top
left) which shows a high fat valuation, but a low valuation for organic; a larger
group (top right) which has a high valuation of organic and a moderate one for
fat; a large middle group which values organic but not fat. This figure illustrates
"lumps” in the distribution of valuations and it is interesting to consider how
this maps across to households. It seems that households are fairly stable with
respect to which of these lumps they principally belong with 77% of households
appearing in only one of these groups, 20% appearing in two groups (most
often the big low fat-moderate organic and the top right moderate fat-moderate
organic groups). Only 3% of households have valuations which appear in all
three.

6The densities of the marginal distributions for this subset look virtually identical to those
in Figure 1 except that the height of the density for fat is reduce.
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5 Conclusions

We have extended the nonparametric methods developed in the literature to
consumer characteristics models. We have derived the minimal necessary and
sufficient empirical conditions under which data on the market behaviour of
heterogeneous, price-taking, individual consumers are nonparametrically con-
sistent with the consumer characteristics model. Where these conditions hold,
we have show how information may be recovered on individual consumer’s mar-
ginal valuations of product attributes. Where the conditions fail we highlight
the role which the introduction of unobserved product attributes can play in
rationalising the data. We have applied these ideas to consumer panel data on
the Danish milk market.
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Appendix: Proofs

Proof of Theorem 1

(U) = (A) : By concavity of v (z) we have v (z,) < v (z;) + Vo (z) (zs — 2¢)
and optimising behaviour implies p, > w,A’ with equality when ¢f > 0 and
where \;7r; = Vo (z;) by definition”.

(A) = (U) : From condition (A.2) we have p,q; = m,A'q, = m}z, since the
locations in p; where the prices are greater than the corresponding locations
in 7w, A’ occur only where the corresponding locations in q; are zero®. The
linear structure, however, ensures that pjq > 7, A’q = m}z. Hence (A.2) gives
pia; > p,q = m}z; > m,z. Condition (A.1) is, by Afriat’s Theorem?, equivalent
to the existence of a concave, continuous utility function v (z) such that for any
z with 7}z, > 7z it is the case that v (z;) > v (z) (that is to say, condition (A.1)
means that there exists some v (z) which ¢-rationalises the data {7, z:},_; ).
Combining these results we have that for any z = A’q such that pjq; > pgq
then 7}z, > m,z and there exists a suitable utility function v (z) such that
v(z¢) > v(z). Hence there exists a concave, continuous utility function v (z)
with z = A’q which z-rationalises the data {ps, qr, z¢},; 7

(A) <= (G) : Given some 7, satisfying condition (A.2), the equivalence be-
tween conditions (A.1) and GARP on the data {m;,2:},_;  follows from, for
example, Theorem 1 in Varian (1983) by interpreting the 7, vector as the price
vector for the characteristics.ll

Proof of Corollary 1

If there exists a function v (z) that z-rationalises {ps, at},—;  , thenv (A'q) >
v(A’q) for all q such that pjq; > pi,q. Define u(q) by u(q) = v(A’q).

Then v(A'q;) > v(A’q) for all q such that pjq: > p,q=u(q:;) > u(q)

for all q such that pjq: > p,q. Therefore u(q) grationalises the data. If

v (A'q) is concave then pv (A'qy) + (1 — p)v (Alqs) = pu(qy) + (1 — pu(gqs) <

v (pAlq + (1 — p)vA’qy). Butv(pA'qy + (1 — p)vA'q,) = v (A (pq: + (1 - p)as)) =
u(pqr + (1= p)qs). Hence po (A'qr)+(1-p)v (A'qs) < u(pqr + (1 - plas) =

u (q) is concave.ll

Proof of Theorem 2

(U) = (A) : By concavity of v (z) we have v (z,) < v (z;) + Vo (z:) (zs — z¢)
and optimising behaviour implies p; > 7, Vz(q;)" with equality when ¢* > 0
and where Ay = Vv (z;) by definition. Now consider the concavity condition
for the technology and pre-multiply by @, > 0

z; < z;+Vz (Qt), (ds — ar)
= w2z, <z + 7 Vz(q) (qs —qi) foralst=1,...T

Substituting in p; > Vz (qt)/ﬂ't preserves the inequality giving

25 — PiQs < T2 — Py forall s;t=1,..,T

TGorman (1956) p. 843.

8Linearity is over-sufficient in this sense as p,q; = m}z; would also result from z (q) being
a nonlinear homogenous of degree one function.

9 Afriat (1967), Diewert (1973), Varian (1982).

13



which is the weak axiom of profit maximisation, WAPM (Varian (1984)). Fi-
nally, since WAPM must hold for all s given ¢ stack the conditions horizontally
and define

Azt = [(Zl - zt) 3oy (ZT - zt)] Aqt = [(ql - CIt) 9 ey (QT - qt)}
then we have condition (A.2)

Az, < Ad,p:

(A) = (U) : From condition (A.2) we have m,z; — p,q; > m,zs — p,qs. Hence
pia: > piq = miz; > m,z. The rest of the proof is analogous to that for
Theorem 1.

(A) <= (G) : Given some 7, satisfying condition (A.2), the equivalence be-
tween conditions (A.1) and GARP on the data {m;,z:},_, 1 follows from, for
example, Theorem 1 in Varian (1983) by interpreting the 7, vector as the price
vector for the characteristics.ll

Proof of Corollary 2

Analogous to corollary 1.1

Proof of Lemma 1
See for example, Magnus and Neudecker, (1991), pp.36-37, Theorem 11. Note
that uniqueness is guaranteed since K < J.l
Proof of Lemma 2
GARP for the data {phqt}t:L___,T is equivalent to the existence of numbers
{Vi, Ae > 0}, such that

Vs <Vi+Api(qs — i)  forall s,t=1,...,T

By Lemma 1 the rank condition implies the existence of vectors {m},_,
such that
p; =m A

for all t. Substituting in means that there exists numbers {V;, Ay > 0},_;
such that

< Vi+MmA'(qs—q) foralsit=1,..T
Vi < Vi+tAm(Alqs—A'q) forall s,t=1,.,T
< Vit+ M7, (zs—2z) foralst=1,..,T

The rest of the proof is analogous to that for Theorem 1.0

Proof of Theorem 3

Let P =[p1,...,pr] be (K xT). Let Il =[my,...,m¢] be any (J x T) matrix
such that rank{A : E: P} = rank{A : E} where

E=P-AIl

14



As long as II satisfies this rank condition it may be chosen arbitrarily — a
straightforward way in which to guarantee the condition is to set IT = ATP
and then EL A. We have two equivalent formulations:

P:[A:E}“H or P:[A;IK][E]

and in both cases we have
rank {K : P} = rank {K}

where A is the augmented A matrix in either case. We can therefore add the
lesser of K or T new characteristics, and given the rank condition, Lemma 1
applies and we can z-rationalise these “data”.l

Proof of Theorem 4

(Sufficiency) Let J < K < T. If rank{P} = J < K then we can find a
J x K column basis matrix for P. Denote this column basis by A’. By defini-
tion A’ (and therefore A) has rank J and rank{A : P} = rank{A}. Therefore
rank{A : p;} = rank{A’} for all ¢. If in addition the data {ps,q:},_, , pass
GARP then Lemma 2 implies that v (A’q) z-rationalises the data {p;, qi, }Zt}t:1
where z; = Aqy. ’
(Necessity) If all market goods are bought (or are on the verge of being bought)
and there exists a non-trivial linear characteristics model such that v (A’q) z-
rationalises the data {p¢, qs,z¢},_ 1T where z; = A’q; then Lemma 2 implies
that rank{A : p;} = rank{A} for all ¢ and that the data {py, q:},_, o pass
GARP. If rank{A : p;} = rank{A} for all ¢ then rank{A : p;} = rank{A} =J
and hence rank{P} < J < K.

Note that, since we choose a column basis of P for A, and every element
of P is non-negative, we can always choose a basis and therefore an A which
has every element non-negative by choosing linearly independent columns of P
to be the basis. Also, consider the set of equations P = AII where IT is an
unknown J x T matrix. By the definition of A rank{A : P} = rank{A} and
thus, by Lemma 1, a solution for IT exists.ll

Proof of Theorem 5

Let A = {\:},_ 1, o for a set of strictly positive constants which satisfy condi-
tion (A) in Theorem 1. To see that condition (A) in Theorem 1 can be rewritten
as condition (A) in Theorem 4, let min{A} be the smallest element of this set
and let V; = m7 N = m and 7, = m Then condition (A) in
Theorem 1 can be rewrltten

V, < 172—&—5'?; (zs —z¢) forall s,t=1,...,T

and
S\tpt > A7, with equality when q,’f >0 forallt=1,..,T

where )\t > 1. Now suppose we have {V;g7 A, ﬂt} which satisfy these inequalities.

Dividing by the positive constant )\t preserves the first inequality gives



and

1
pt > AT =
At

and defining V; = ‘X_/L’ A = )\i and 7t; = ﬁ't% we have condition (A) in Theorem
1. |
Proof of Theorem 6

Follows immediately from Lemma 1.0

Proof of Theorem 7

Consider the condition in Theorem 6, partitioned according to whether the price
data are observed (i.e. ¢F > 0) or not.

V, < 17}—&—7?; (zs —z¢) forall s,t=1,...,T
\pd =A%, forallt=1,..,T
Mp!t > AR, forallt=1,..,T

This condition is equivalent to condition (A) in Theorem 1 however since p}*
is not observed this is no longer a linear programme. Instead we combine the
two unknowns, A\ and p;’, into the vector m; and we have the condition in
Theorem 7. This is now in linear programming form. From Theorems 1 and 6,
if a suitable pj* exists then this linear programme is feasible and we can find
suitable m, vectors. Conversely if this linear programme has a feasible solution
then we can construct suitable p;* vectors since p}* = % ]
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